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ABSTRACT
The existing equivalent impedance model of electromagnetic energy harvesters (EMEH) has considered only
the single-harmonic relations among the current, voltage, velocity, and force in the dynamic electromechanical
system. The modeling accuracy is insufficient, given the interference of high-order harmonics, which gets more
severe under practical low-Q (quality factor) induction coil designs. This paper introduces an improvement to
the conventional single-harmonic model by taking into account the influence of the practical low-Q coil and the
high-order harmonics in the EMEH system. The extended impedance method (EIM) is used to characterize the
nonlinear components in the system. The modeling accuracy by using EIM is improved. The theoretical result
better matches the experimental one.
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1. INTRODUCTION
The energy harvesting technologies are extensively investigated as a promising and everlasting power supply
solution for the IoT (Internet of Thing) devices.1–4 Among these technologies, the kinetic energy harvesting
technology scavenges the mechanical energy associated with mechanical motions and vibrations. When equipped
with the kinetic energy harvesting unit, future distributed and wearable electronics might become self-powered
when they are exposed to specific mechanical movements. Electromechanical transducers play a crucial role in
the kinetic energy harvesting systems. The electromagnetic (EM) transducer is one of the most investigated
transducers utilized for kinetic energy harvesting.

The electromagnetic energy harvester (EMEH) operates according to the Faraday’s law of induction. There-
fore, mechanical reciprocating movement induces alternating electrical voltage across the electrical port of an
EM transducer. On the other hand, digital electronics use dc power for logic computing; the generated energy
from the EMEH cannot be directly used to power the electronics. An ac-to-dc power conditioning circuit is nec-
essary for the practical implementations. Different power conditioning circuits have been developed for dealing
with the electrical output from the EM transducers. Generally speaking, the EM transducers give relative large
current but low voltage electrical output; therefore, in many designs, the voltage boosting technologies are used
in the ac stage, e.g., using a voltage multiplier,4 or the dc stage, e.g., using a boost converter after the ac-to-dc
rectification.1,2

Besides the circuit design, the understanding on the electromechanical joint dynamics is another crucial issue
for evaluating the backward coupling effect of the nonlinear power conditioning circuit on the mechanical source.
Such insight facilitates the collaborative electromechanical design and optimization. Some models have been
proposed for analyzing the dynamics and predicting the harvested power of the EMEH systems.5–7 In many
analyses taking sides in the mechanical dynamics, the dynamics of the power conditioning circuit was equivalently
regarded as an unconstrained passive electrical load,6 which turned out to be insufficient for emulating the actual
dynamics of a nonlinear power conditioning circuit. Cheng et al.5 have considered the dynamics of a half-wave
rectifier circuit through circuit simulation software tool, i.e., numerical simulation. Liang et al. have proposed an
more intuitive and uniform impedance model for understanding the EMEH dynamics when it is connected to a
full-wave bridge rectifier.7 In essence, such impedance model is a single-harmonic approximation for the EMEH

Corresponding author: Junrui Liang. E-mail: liangjr@shanghaitech.edu.cn.

Active and Passive Smart Structures and Integrated Systems XII, edited by Alper Erturk, Proc. of SPIE
Vol. 10967, 1096726 · © 2019 SPIE · CCC code: 0277-786X/19/$18 · doi: 10.1117/12.2515304

Proc. of SPIE Vol. 10967  1096726-1
Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 26 Mar 2019
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



f (t)

x(t)

Mem

M

D K

i

Cr
Rl

Lr

S

1 S2S

3S4fe2m vm2e

i(t)

vBr(t)
vr(t)

vLiBr(t)
βẋ

Ideal EM 
transducer

EM transducer equivalent

βi

ABr

Mstruc

Figure 1. Schematic of an EMEH system using full-wave bridge rectifier.

systems, since it was established based on the single-harmonic current/voltage assumption. In the following parts
of this paper, such impedance modeling method is referred to as the conventional impedance model (CIM).

By assuming the sinusoidal voltage across the coil inductance and harvesting circuit combination (the parasitic
resistance r is singled out for later consideration), the CIM can roughly predict the level and changing trend of the
experimental harvested power,7 except the mismatch under some loading conditions. The reason of mismatching
comes from the single-harmonic assumption at the very beginning, from which the waveform equations were
derived. Such assumption can be only achieved by using a practically unreachable high-Q (quality factor) coil,
i.e., the equivalent series resistance (ESR) r must be much smaller than the inductive reactance ωLi in a physical
coil. This paper aims to carry out a better evaluation for revealing such modeling mismatching and provide a
multi-harmonics compatible extended impedance method (EIM) for improving the modeling accuracy of the
EMEH systems.

2. EMEH SYSTEM
The schematic of an EMEH system is shown in Figure 1. It is composed of three parts: the mechanical structure,
the EM transducer and the power conditioning circuit. The mechanical structure delivers the kinetic energy to
the EM transducer. A part of the input mechanical energy is then transformed into electrical form. Finally, the
interface circuit rectifies the ac power into dc form. The full-wave bridge rectifier is the most ready-to-use circuit
for carrying out the ac-to-dc conversion.

The EM transducer is the key component of an EMEH system. The mutual electromechanical transduction
is based on the Lorentz force law and Faraday’s law of induction. An ideal linear EM transduction can be
characterized with the following set of coupling equations{

fe2m(t) = βi(t),
vm2e(t) = βẋ(t),

(1)

where β is the electromechanical coupling factor; i(t) is the current on the electrical side; fe2m(t) represents the
electrical-to-mechanical induced Lorentz force; x(t) denotes the vibration displacement, whose derivative ẋ(t)
is the velocity; vm2e(t) is the mechanical-to-electrical induced electromotive force (voltage). A practical EM
transducer includes some parasitic physical features, as shown in the gray area of Figure 1: Mem denotes the
inherent mass of the mechanical moving part of a EM transducer, while Li and r are the inherent inductance and
ESR of the coil of an EM transducer, respectively. When connected to the mechanical vibrator, Mstruc, D, and
K, the structural mass, damping, and stiffness are added on the mechanical side to form the resonant dynamics.
f(t) in Figure 1 is the equivalent force exerted by the mechanical vibration source. For the electrical side, the
external power conditioning circuit considered in this study includes: four diodes S1, S2, S3, and S4, which forms
a full-wave bridge rectifier; Cr as the filter capacitor; and Rl as the equivalent dc load resistor. The bridge rectifier
is a nonlinear component, since a linear system cannot generate dc output from an ac input. How to properly
and uniformly express the dynamics of the nonlinear circuit and the linear vibrator is the key problem of the
electromechanical joint modeling of EMEH. Liang et al.7 have made a linear (single harmonic) approximation
by taking the dynamics of the combination of bridge rectifier, Cr and Rl as an equivalent linear operator ABr, as
shown in Figure 1, such that the current through and voltage across ABr, i.e., i(t) and vBr(t), respectively, are
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Figure 2. Equivalent impedance network model of an EMEH system using full-wave bridge rectifier under the CIM
single-harmonic approximation.

equivalently regarded as pure sinusoidal waves. With the concept of ABr operator, the constitutive equations
for the EMEH system are formulated as follows{

f(t) = Mẍ(t) +Dẋ(t) +Kx(t) + βi(t),

βẋ(t) = ri(t) + Lii̇(t) +ABr[i(t)].
(2)

The schematic shown in Figure 1 includes mechanical and electrical components, whose dynamic is no easy
to articulate in an uniform way. The usual solution is to convert the dynamic relation on one domain to their
equivalents on the other domain by taking the electromechanical analogy. For example, as shown in Figure 2,
the linear mechanical components can be modeled by their electrical equivalents by taking the electromechanical
analogy as follows

ieq(t) =
f(t)

β
; C =

M

β2
; R =

β2

D
; L =

β2

K
. (3)

In the electromechanical analogy, the force source is equivalent to a current source; the mass, damping, and
stiffness in the mechanical domain are equivalent to capacitance, resistance, and inductance, respectively.

3. CONVENTIONAL IMPEDANCE MODEL AND ITS LIMITATION
Given a mechanical vibrator operates around one of its resonant frequencies, the mechanical structure acts as
a filter. Therefore, no matter what power conditioning circuit is connected, the vibration motion x(t) and its
derivative velocity ẋ(t) are very close to a single harmonic, i.e., sinusoidal wave. Since the mechanical-to-electrical
induced voltage source vm2e(t) is proportional to the velocity, it can be regarded as pure harmonic voltage too.

The term impedance in the conventional ac circuit analysis describes the magnitude and phase relations
between two harmonic “across variable” and “through variable”, which is a concept characterizing the linear
dynamics of a component or a component network.

In the CIM,7 the analysis starts from the assumption of harmonic voltage across the Li and bridge rectifier
combination network, i.e.,

vLiBr(t) = VLiBr sin (ωt), (4)
where ω is the vibration frequency, VLiBr is the magnitude. The current flowing through Li, i.e., i(t) in Figure
1 is able to be formulated based on the piecewise integral of the voltage across the inductance Li, i.e., vLi(t) =
vLiBr(t)− vBr(t). The piecewise current expression is shown as follows

i(t) =
VLiBr

ωLi
×



− cos θ − ṼBrθ

∣∣∣∣ωt

θ=2kπ+θ0

, 2kπ + θ0 ≤ ωt < 2kπ + θ1;

0, 2kπ + θ1 ≤ ωt < 2kπ + π + θ0;

− cos θ + ṼBrθ

∣∣∣∣ωt

θ=2kπ+θ0

, 2kπ + π + θ0 ≤ ωt < 2kπ + π + θ1;

0, 2kπ + π + θ1 ≤ ωt < 2kπ + 2π + θ0;

(5)

where ṼBr is the normalized expression of VBr, which is formulated as follows

ṼBr =
VBr

VLiBr
=

Vr + VF

VLiBr
. (6)
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VF is the forward voltage drop of the rectifier and Vr is the dc voltage across Cr. In (5), the two angle θ1 and
θ0 should be determined according to the current conduction modes of the inductor Li. More information about
the operation of the two continuous and discontinuous conduction modes (CCM and DCM) can be found in the
original paper introducing CIM.7

Since the impedance concept describing the relation between two sinusoids under at the same frequency,
the equivalent impedance of the Li and bridge rectifier combination cannot be derived with the expressions on
vLiBr(t) and i(t), i.e., (4) and (5). The key technique here is not to compare vLiBr(t) and i(t), but vLiBr(t) and
iF (t), the fundamental harmonic of i(t), which can be obtained by using the numerical method according to the
admittance formula in the frequency domain as follows

Y̌LiBr(jω) =
IF (jω)

VLiBr(jω)
. (7)

It turns out that admittance, the inverse of impedance, is more convenient than impedance in the calculation
for EMEH. To separately specify the different dynamic effects of the admittance Y̌LiBr(jω), it was further divided
into three components as follows

Y̌LiBr(jω) = Gh +Gd + jBe =
1

Rh
+

1

Rd
+

1

jωLe
, (8)

where Gh and Gd are the harvested component and dissipated component, respectively, characterizing the energy
harvesting and energy dissipation, whose combination has a mechanical damping effect; Be is the inductive
subseptance, which is result from the inductive feature of the EM transducer. The values of the three effective
dynamic components are functions of the rectified voltage ṼBr, as illustrated in Figure 2. Equations (4) to
(8) formulate the key steps of the linear approximation of the EMEH system, which leads to the equivalent
impedance network model of the whole system, as shown in Figure 2. With this equivalent impedance model,
the voltages, current, and power of each component can be readily calculated based on the established circuit
laws.

The CIM provides a reasonable prediction on the harvested power, as it shows similar level and changing trend,
compared to the experimental result.7 Yet, the theoretical result with CIM still has some mismatching to the
experimental points under specific loading condition. Model improvement is needed towards better description
on the joint dynamics.

Through parametric studies with circuit simulation tool, we find that the problem comes from the limited
quality factor Q in practice, which undermines the sinusoidal vLiBr(t) assumption at the beginning of the CIM
derivation. Figure 3 shows the current and voltage waveforms under different Q values. vm2e(t) is pure sinusoidal
as it is proportional to the vibration velocity, whose high-order harmonics are filtered by the mechanical vibrator.
Since vm2e(t) = vESR(t) + vLiBr(t), sinusoidal vLiBr(t) is valid only under zero or very small vESR(t), i.e., r is
much smaller than the reactance ωLi, or in other words, large Q value, since Q = ωLi/r. As we can observe
from Figure 3(f), the sinusoidal vLiBr(t) assumption can be hardly accepted when Q < 1. But for practical air
coil under low-frequency mechanical vibration excitation, Q is not easy to attain a high value. Therefore, general
speaking, increasing Li and decreasing the ESR can improve the accuracy of CIM, i.e., the CIM performs better
under high-Q condition.

4. EXTENDED IMPEDANCE MODEL
To overcome the limitation of CIM method, which can only consider the fundamental harmonic, we introduce
a new modeling technique called the EIM method for analyzing the EMEH system. The principle of EIM is
briefed in the Appendix A. It is a multiple harmonic based iterative method for formulating the steady state of
nonlinear circuits. Since there is not such sinusoidal VLiBr(t) requirement for EIM formulation, it can take into
account the small Q condition.

The flow charts of CIM and EIM are summarized in Figure 4. At the beginning, the circuit should have the
initial states (voltage/current) by assuming that the diodes are all conducted. Then, the initial states of the
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Figure 3. Waveforms of Vm2e, VLiBr, and iLiBr under different Q (quality factor) values.

circuit can be obtained (block 1). The key steps include state-to-time mapping (block 2) and formulating the
extended impedance matrix (block 5). As the operation states (voltages or currents) are unknown before the
circuit runs, a relative tolerance needs to be set for the iterative formulation.8

In the view of EIM, a diode can be represented by a state-dependent resistor. The EMEH impedance network
can be specified much easier as that shown in Figure 5. The components RD1, RD2, RD3, and RD4 represent
four state-dependent resistors, whose resistance changes according to their terminal voltages. The constitutive
relation of this circuit network can be formulated as follows by applying the nodal analysis.

V
(n+1)
m2e

V
(n+1)
Br

V
(n+1)
1

V
(n+1)
2

 =


YRLC +YLi −YLi 0 0

YLi −
(
YLi +Y

(n)
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(n)
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0 Y
(n)
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(n)
D1 +Y
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)
Yload

0 Y
(n)
D2 Yload −(Y

(n)
D2 +Y

(n)
D4 +YRLC)


−1 

Ieq
0
0
0

 ,

(9)

where YRLC is the total admittance of R, L, and C; YLi is the admittance of Li and r; Yload is the admittance
of the parallel Rl and Cr; and YD1, YD2, YD3, YD4 are the admittance of four diodes, respectively. The
superscripts (n) and (n+ 1) indicate the number of iteration. The four diodes are initially assumed conducting
in the first iteration. The obtained result will be submitted to the next round of calculation and so forth until
the examined voltage VD1, which is terminal voltage of D1, meets its relative tolerance.

The output voltage of the circuit Vrect is V1 − V2. Therefore, the theoretical harvested power is formulated
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as follows
Ph = (V1 −V2)

TYload(V1 −V2) (10)

5. EXPERIMENTS
Experiment is carried out to validate the EIM analysis and its improvement compared to CIM. The experimental
parameters, which are listed in Table 5 are from the existing CIM paper.7 Those parameters include identified
dynamic parameters and experiment conditions. The identified parameters describe the equivalent internal
dynamics of the mechanical structure and EM transducer. The internal impedance is specified as Žin in (11).
The detailed component values in Žin can be obtained by fitting the impedance measurement results from an

Proc. of SPIE Vol. 10967  1096726-6
Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 26 Mar 2019
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



Table 1. Parameter values and experimental conditions.7
Parameter Value Experiment conditions Value

R 216 Ω Base acceleration Ÿ 1.5 g
L 4.042 mH Voc under Ÿ 6 V
C 0.32 mF Operating frequency f 139 Hz
Li 272.62 mH Rectifier voltage drop VF 0.47 V
r 839.20 Ω
β 1.70 N/A
Q 0.284
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Figure 6. The result of harvested power.

impedance analyzer.
Žin(jω) = r + jωLi +

(
R ∥ jωL ∥ 1

jωC

)
(11)

The experiment device is composed of a vibration framework, a cantilever beam whose free end has two two
magnets, as a part of the transducer, an induction coil fixed on the framework, and the power conditioning
circuit. The framework vibrates around the resonant frequency of the beam. The relative movement between
the magnet and coil has introduced a changing magnetic field in the coil, such that an electromotive force is
induced through the electromagnetic induction.

The theoretical results obtained with CIM (dashed), EIM (solid), and experiment (star markers) are com-
paratively shown in Figure 6. It shows that the EIM result can better approach the experimental data points
than the CIM one. For better quantify the improvement, an error function is introduced in (12) for evaluating
the theoretical prediction of different methods, i.e.,

J =
1

N

N∑
i=1

|PT (VEi)− PEi|
PEi

, (1 ≤ i ≤ N) (12)

PEi denotes the ith experimental harvested power and VEi the ith experimental output voltage. The PT (v) is
the expression of theoritical harvested power of the CIM or EIM, by fitting the corresponding data. N denotes
the number of the experimental result. Define that JEIM and JEIM are the errors for EIM and CIM, respectively.
JEIM is 0.1961 and JCIM is 0.3196, which proves that the EIM method is more accurate.

6. CONCLUSION
The electromagnetic energy harvesting (EMEH) system with a power conditioning circuit was not accurately
modeled, because of the introduction of the nonlinear components. This paper introduces the extended impedance
method (EIM) for the analysis. The EIM analysis has made some improvements towards better modeling
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accuracy, compared with existing conventional impedance method. It also simplifies the simulation of EMEH
system with a full-bridge rectifier, whose dynamics cannot be easily solved by basic circuit laws.

APPENDIX A. EXTENDED IMPEDANCE METHOD (EIM)
A.1 State-dependent resistance
Circuit components can be classified as two large sorts, linear ones, such as resistor, inductor, and capacitor, and
nonlinear ones, such as diode and transistor. For the nonlinear components, the constitutive relation between
voltage and current changes when its state (voltage/current) changes. For example, the conduction of a diode
changes as its terminal voltage changes. From the viewpoint of EIM,9,10 the diode can be modeled as a state-
dependent resistor, whose value can be formulated as follows

rd[v(t)] =


∞, v(t) ≤ 0;

v(t)

IS [e−v(t)/(nVT ) − 1]
, v(t) > 0,

(13)

where IS is the saturation current of the diode; vd is the forward voltage drop of the diode; VT is the thermal
voltage; n is the ideal factor.

A.2 Impedance in matrix form
In (13), rd expresses the relation in time domain. Since v(t) is a function of time, we can map the rd(v) under
specific voltage v as function of time, i.e., rd(t), such that we have

v(t) = rd(t)i(t), (14)

The multiplication relation in (14) can be converted into convolution in the frequency domain as follows

V (jω) = Rd(jω) ∗ I(jω), (15)

where the V (jω), Rd(jω) and I(jω) are the Fourier transform of v(t), rd(t) and i(t), respectively.
For periodic voltage, current, and resistance, their Fourier transform can be expressed with the discrete

infinite impulses at the multiples of the fundamental harmonic frequency. The convolution in (15) therefore can
be expressed in the discrete form, i.e.,

Vk =

∞∑
n=−∞

Rk−nIn, (16)

or in the vector and matrix form



...
V−k

...
V0

...
Vk

...


=



. . . . . . . . . . . . . . . . . . . . .

. . . Rd,0
. . . Rd,−k

. . . Rd,−2k
. . .

. . . . . . . . . . . . . . . . . . . . .

. . . Rd,k
. . . Rd,0

. . . Rd,−k
. . .

. . . . . . . . . . . . . . . . . . . . .

. . . Rd,2k
. . . Rd,k

. . . Rd,0
. . .

. . . . . . . . . . . . . . . . . . . . .


=



...
I−k

...
I0
...
Ik
...


. (17)

By further assuming that the harmonics whose orders are higher than K can be neglected. The periodic
voltage v(t) and current i(t) can be represented in vectors composed of truncated Fourier series as follows

V = [V−K · · · V−1 V0 V1 · · · VK ]T , (18)
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I = [I−K · · · I−1 I0 I1 · · · IK ]T . (19)

The truncated approximation of (15) can be obtained as follows

V = RdI, (20)

where

Rd =



Rd,0 . . . Rd,−k . . . Rd,−2k

... . . . . . . . . . ...

Rd,k
. . . Rd,0

. . . Rd,−k

... . . . . . . . . . ...

Rd,2k
. . . Rd,k

. . . Rd,0


(21)

is referred to as the extended impedance of the diode under specific voltage v(t). The extended impedance matrix
describes the constitutive coupling relation among different harmonics. Therefore, it can be used for the multiple
harmonics analysis. Since the relation is a function of component state, say the voltage across a diode, iterative
calculations are necessary for solving the numerical impedance matrix under steady-state operation.
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