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This paper presents a unified model of piezoelectric vibration energy harvesters through
the use of a generalized electrical impedance that represents various energy harvesting
interfaces, providing a universal platform for the analysis and discussion of energy har-
vesters. The unified model is based on the equivalent circuit analysis that utilizes the impe-
dance electromechanical analogy to convert the system into the electrical domain entirely,
where the model is formulated and analyzed. Firstly, the common behaviors of energy har-
vesters under this unified model are discussed, and the concept of power limit is discussed.
The power limit represents the maximum possible power that could be harvested by an
energy harvester regardless of the type of the circuit interface. The condition to reach this
power limit is obtained by applying the impedance matching technique. Secondly, three
representative energy harvesting interfaces, i.e., resistive (REH), standard (SEH), and syn-
chronized switch harvesting on inductor (SSHI), are discussed separately, including their
corresponding forms of the generalized electrical impedance and associated system behav-
iors. As an important contribution, a clear explanation of the system behavior is offered
through an impedance plot that graphically illustrates the relationship between the system
tuning and the harvested power. Thirdly, the effect of the system electrometrical coupling
on power behaviors is discussed. As another important contribution, this paper derives and
presents the analytical expressions of the critical coupling of the interfaces, which is the
minimum coupling required to reach the power limit and also the parameter used to define
the coupling state, i.e., weakly, critically, or strongly, of a system. In particular, the analyt-
ical expressions for the SEH and SSHI interfaces are presented for the first time in the
research community. Lastly, the system behaviors and critical coupling of the three energy
harvesting interfaces are compared and discussed. The SSHI interface has the lowest critical
coupling, which explains its superior power harvesting capability for weakly coupled
systems.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

The interest in energy harvesting has grown rapidly in recent years as the world places a great emphasis in renewable
energy to improve our environment and health. Energy can be harvested from sources such as heat, wind, ambient vibra-
tions, magnetic fields, light, and many others [1], to power wearable electronics and wireless sensors for structural health
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monitoring and emerging applications such as Internet of Things (IoT) and artificial intelligence (AI). The self-power capa-
bility of the device removes its dependence on electrochemical batteries and associated limited lifetime constraint, and
reduces the issues associated with the wiring. This paper is focused on the piezoelectric energy harvesting from ambient
vibrations, which are abundant in numerous applications, for example, industrial machines, moving vehicles and aircraft,
building and bridges, and humanmotions. Electrical energy can be harvested or converted frommechanical vibration energy
through multiple transduction mechanisms: piezoelectric, electromagnetic, and electrostatic [2]. Piezoelectrics are capable
of producing electrical charges when subjected to mechanical strains, i.e., the direct piezoelectric effect, making them a suit-
able material for vibration energy harvesting. It has attracted a lot of attention for microsystems due to its higher energy
density and more compact and simpler architecture [3]. A general overview of the research work and development in vibra-
tion energy harvesting can be found in review articles [2,4,5]; while review articles [3,6–10] are dedicated to or place a
greater emphasis on piezoelectric vibration energy harvesting. In recent years nonlinear piezoelectric energy harvesting
has received significant attention as a promising approach to broaden the effective harvesting bandwidth [11–13]. However,
the discussion on linear energy harvesters is still important as it lays the foundation to understand nonlinear energy har-
vesters. In addition, linear energy harvesters are easier to design and implement, making them a good option in many prac-
tical situations where the vibration source bandwidth is not extremely narrow.

Many models have been proposed for linear piezoelectric vibration energy harvesters. An extensive review of the earlier
development is offered in [6,8]. In particular, a general linear single-degree-of-freedom (SDOF) model was proposed by Wil-
liams and Yates [14] for kinetic energy harvesting, which uses a linear damper to represent the energy harvesting effect. It
was used by some researchers [7,15] to model piezoelectric energy harvesters. As pointed out by [16,17], though this model
can be used for electromagnetic energy harvesters, it is not an accurate model for piezoelectric energy harvesters because it
does not correctly model the effect of the electromechanical coupling on the system. For example, the change in system stiff-
ness due to the load change. In some papers, e.g., [18,19], the electromechanical coupling effect on the mechanical structural
behavior was neglected. Erturk and Inman provided a great summary of common issues in mathematical modeling of piezo-
electric energy harvesters in [16].

Improved models were developed afterward and most of them were based on the model proposed by Hagood et al. [20]
for piezoelectric actuator dynamics, which models the coupled dynamics between a structure and an electrical network due
to the piezoelectric effect. Two governing equations of motion, i.e., actuator and sensor equations, were derived by applying
Hamilton’s principle and Rayleigh-Ritz formulation. The model was experimentally validated on a cantilevered beam with
surface mounted piezoelectrics. Hagood and von Flotow [21] also used the model for shunt damping applications and stud-
ied the piezoelectric damping effect of resistive and resonance shunting circuits. Based on the same principles, Sodano et al.
[22] developed an analytical model for beam energy harvesters subjected to base motion. Afterwards an improved SDOF
model was developed by Liao and Sodano [23] which corrected the equivalent external force expression and provided the
closed-form expressions of the effective SDOF parameters in terms of the material and geometry properties of the system.
The model was experimentally validated through a bimorph beam configuration and also used to study the effect of connec-
tion types of the piezoelectric elements [24] and the piezoelectric damping effect [25]. Based on Hagood’s model, duToit et al.
[26] developed models for 1-D stack harvesters and 2-D beam and experimentally verified the beammodel in [27]. Addition-
ally, Erturk and Inman [28] applied a direct dynamics approach (rather than the energy approach) and obtained an analytical
solution of a cantilevered piezoelectric energy harvester. The original results were based on a unimorph configuration but
can also be extended to bimorph configurations following a similar approach.

Since the major focus of these efforts was to obtain an accurate model to describe the coupled dynamics of piezoelectric
energy harvesters and convert distributed systems into lumped systems, a resistive energy harvesting (REH) circuit interface
was commonly used due to its simplicity. However, many practical applications involve DC-powered devices or energy stor-
age components such as batteries and capacitors. Therefore, it is important to convert the AC power output (generated by the
vibrating piezoelectric element) to a DC output. For this purpose, an AC-DC rectifier can be used usually along with a smooth-
ing filter, resulting in the standard energy harvesting (SEH) circuit interface. Ottman et al. [29] proposed an uncoupled model
that modeled the vibrating structure as a current source in parallel with the internal capacitance and the standard circuit
interface. However, the backward coupling to the structure was neglected and the output of the current source was assumed
to be constant, which in fact depends on the electrical load. Guyomar et al. [30] proposed an in-phase model that included
the coupling effect, but it assumed that the structural velocity response of the system was in phase with the excitation,
which is not a good assumption for systems with moderate to high electromechanical coupling. Shu and Lien [31] developed
an improved model that included both the coupling and phase difference between the structural response and the excitation.
In addition, the direct AC-DC rectifier output voltage depends on the level of the mechanical vibration excitation and may not
be constant. To achieve maximum power transfer to the device, for example, a battery, it is desirable to have the ability to
adjust the output voltage for impedance matching. As a solution to this, a DC-DC converter can be placed between the AC-DC
rectifier and the device, resulting in a two-stage AC-DC-DC energy harvesting interface. Representative research efforts and
discussions on this aspect can be found in [29,32–34].

Synchronized switch harvesting on inductor (SSHI) is another representative energy harvesting interface that has
received significant attention. Guyomar et al. first proposed the idea in [30] and demonstrated its superior power perfor-
mance compared to the standard AC and standard DC interfaces. In fact, this interface was adapted from the synchronized
switching damping (SSD) technique proposed by Richard et al. [35,36] for piezoelectric damping applications. As an
improvement over the in-phase analysis in [30] by Guyomar et al., Shu et al. [37] presented a more accurate model that
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included both the coupling and the phase difference between the structural response and the mechanical excitation. They
made an intuitive and concise remark describing the effect of SSHI that ‘‘the electrical response using an ideal SSHI interface
(in weakly coupled system) is similar to that using the standard interface (SEH) in a strongly coupled electromechanical
system.”

This paper aims to provide a comprehensive analysis of linear energy harvesters connected with the three most represen-
tative circuit interfaces: resistive (REH), standard (SEH) with AC-DC rectifier, and synchronized switch harvesting on induc-
tor (SSHI). The major object is to unify different interfaces through a generalized model. Then this model is used to discuss
the similarities and differences between the system behaviors of the three interfaces. This study is based on the lossless
piezoelectric coupling assumption for highlighting the different coupling preferences of different harvesting circuits towards
the maximum harvesting capability. On the other hand, it should be noted that, it was reported in recent years that some
parasitic effects in practical piezoelectric materials, such as the dielectric loss, play an important role towards the harvesting
improvement [38–40].

This paper is organized as follows: Firstly, the governing system equations of piezoelectric vibration energy harvesters are
presented, and the unified model for power analysis is proposed. Based on this model, the concept of power limit is intro-
duced which represents the maximum possible power that can be harvested. The equivalent circuit and the impedance
matching techniques are used to explain the condition to reach the power limit. Secondly, the three circuit interfaces are
discussed individually and their system behaviors are explained through an impedance plot which illustrates the effect of
system tuning on the power. Finally, the three circuit interfaces are compared.

2. System modeling and power analysis

2.1. Governing electromechanically coupled equations

From the electromechanically coupled sensor and actuator equations defined by Hagood, Chung and von Flotow [20] for
piezoelectric systems, a single-degree-of-freedom (SDOF) model of a piezoelectric energy harvester operating near its reso-
nance can be obtained as:
M €w tð Þ þ C _w tð Þ þ Kw tð Þ � hvp tð Þ ¼ f ext tð Þ; ð1Þ

hw tð Þ þ Cpvp tð Þ ¼ q tð Þ; ð2Þ

where w is the temporal structural displacement, vp is the voltage across the piezoelectric element, q is the electrical charge,
and the parameters M, K, C, h, Cp, fext are effective mass, short-circuit stiffness, damping, electromechanical coupling, capac-
itance, and force, respectively. For a beam harvester operating in the 31 mode, Liao and Sodano [23] obtained the expressions
of the effective system parameters as:
M ¼ R
Vs
qs/ xð Þ/ xð ÞdVs þ

R
Vp
qp/ xð Þ/ xð ÞdVp

K ¼ R
Vs
y2/00 xð Þcs/00dVs þ

R
Vp

y2/00 xð ÞcEp/00 xð ÞdVp

h ¼ � R
Vp

y/00 xð ÞeTw yð ÞdVp

Cp ¼
R
Vp

wT yð ÞeSw yð ÞdVp

C ¼ 2f
ffiffiffiffiffiffiffiffi
MK

p

; ð3Þ
where qs is the density of the substrate, qp is the density of the piezoelectric materials, cs is the modulus of elasticity of the
substrate, and cp

E is the modulus of elasticity of the piezoelectric material measured at constant electrical field (e.g., short
circuit). eS is the dielectric constant measured at constant strain (e.g., mechanically clamped), and is equal to KS

3e0, where
KS is the dielectric constant at constant strain and e0 is the vacuum permittivity. eT is the piezoelectric coupling coefficient mea-
sured at constant stress (e.g., mechanically free), and is equal to d31c

E
p for bending. The subscripts ‘‘s” and ‘‘p” are used to denote

the substrate and piezoelectric elements, respectively. The coordinates � is along the beam length direction (also denoted as the
1 direction for stress) and y is along the thickness direction (also denoted as 3 for polarization), respectively. f is the mechanical
damping ratio, /(x) is the mode shape function of a particular vibration mode at short circuit along the beam length direction,
and w(y) is the electrical field function in the thickness direction, respectively. In the case of base motion excitation, the effec-
tive external force can be expressed as
f ext tð Þ ¼ Da tð Þ; ð4Þ

where a(t) is the acceleration of the base motion, and the effective input mass
D ¼
Z
Vs

qs/ xð ÞdVs þ
Z
Vp

qp/ xð ÞdVp; ð5Þ
This converts the base motion excitation to an equivalent distributed load along the beam, from which the overall SDOF
effective external force fext is obtained as in Eq. (4).



406 Y. Liao, J. Liang /Mechanical Systems and Signal Processing 123 (2019) 403–425
In theory, this SDOF modeling can be applied to any vibration mode by using the mode shape function /(x) of the mode of
interest. However, the first mode is usually more desirable for energy harvesting due to its higher vibration response level
compared to high-order modes. In addition, for common beam harvester structures such as bimorph as shown in Fig. 3 and
unimorph configurations, the existence of vibration nodes of the higher modes leads to a voltage ‘‘cancellation” due to the
positive and negative charges produced across the nodes. As a result, the simulation results presented later this paper are
obtained using the first mode. However, the general concepts and conclusions can also extended to other modes.

2.2. Unified modeling and power analysis

This section presents a unified model of piezoelectric energy harvesters based on the impedance analysis in the frequency
domain. Then the peak power extracted by the energy harvesting circuit due to a sinusoidal, i.e. tonal, vibration input is
determined. After that the concept of power limit is discussed. Fig. 1 shows the generic schematic of a piezoelectric vibration
energy harvester, where the energy harvesting circuit is used to extract power from the piezoelectric system. Based on Eqs.
(1) and (2) and the impedance electromechanical analogy, an equivalent circuit can be obtained [41] as shown in Fig. 2,
where the equivalent electrical variables
veq tð Þ ¼ �D
h
a tð Þ; ieq tð Þ ¼ �h _w tð Þ; ð6Þ
and the equivalent electrical inductance Ls, resistance Rs, and capacitance Cs are related to the original system parameters as
Ls ¼ M

h2
;Rs ¼ C

h2
;Cs ¼ h2

K
: ð7Þ
The impedance mechanical-to-electrical analogy are between the mass and inductance, damping and resistance, and
compliance and capacitance, respectively. Note that the connection between the mechanical and electrical elements is made
through the electromechanical coupling constant h, without which the governing Eqs. (1) and (2) would become decoupled
in the mechanical and electrical domains, respectively.

To obtain a general model that unifies different types of energy harvesters, let Zcir be the generalized circuit impedance
representing a particular energy harvesting circuit interface:
Zcir ¼ Rcir þ jXcir; ð8Þ

where Rcir and Xcir are the circuit resistance and reactance components, respectively. For analysis purposes, this circuit impe-
dance Zcir and the intrinsic piezoelectric capacitance Cp can be combined into an ‘‘electrical impedance” Zelec representing the
overall impedance of the shaded region in Fig. 2:
Zelec ¼ Relec þ jXelec; ð9Þ

Specifically, the electrical impedance Zelec and the circuit impedance Zcir are related as
Zelec ¼ 1
jxCp

jjZcir ¼
Rcir � j xCpR

2
cir þxCpX

2
cir � Xcir

� �
xCpRcir
� �2 þ xCpXcir � 1

� �2 ; ð10Þ
Fig. 1. Generic schematic of a piezoelectric vibration energy harvesting system.

Fig. 2. Equivalent circuit of a piezoelectric energy harvester subjected to base excitation.
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where ‘‘||” denotes the parallel connection of electrical elements. By using the equivalent source quantities defined in Eqs. (6)
and (7) and Kirchhoff’s Voltage Law, the peak power extracted by the electrical impedance Zelec can be determined as
P ¼ D2A2ffiffiffiffiffiffiffiffi
MK

p k2r2c

2fr þ k2rc
� �2

þ 1� r2 � k2rv
� �2 ; ð11Þ
where the dimensionless electrical resistance and reactance are defined as
c ¼ xnCpRelec;v ¼ xnCpXelec; ð12Þ

and the dimensionless frequency ratio r and effective electromechanical coupling coefficient k2 are defined as
r ¼ x
xn

; k2 ¼ h2

CpK
: ð13Þ
Note that xn is the short-circuit natural frequency of the system. Expression (11) serves as the foundation of the unified
model that aims to merge the modeling of various types of energy harvesters into a general form. It is done through a gen-
eralized electrical impedance Zelec (or dimensionless c, v), which assumes a particular form corresponding to the specific cir-
cuit interface. The exact expression of Zelec can be directly obtained for linear circuit interfaces. For nonlinear circuit
interfaces such as SEH and SSHI, the equivalent electrical impedance can be obtained by using the technique discussed in
[42], which approximates the periodic non-sinusoidal electrical signal due to circuit nonlinearity by its fundamental har-
monic component. The unified model serves as an important platform for the analysis and design of energy harvesters. At
a global level, it can be used to obtain common system characteristics of various types of energy harvesters, as presented
in the rest of this section. At a local level, the difference in the system behavior can be studied by using the exact electrical
impedance expression associated with each type as discussed in Sections 3–5.

At the global level and based on the generalized electrical impedance, Liao and Liang [41] showed that the maximum
value of P is
Plim ¼ D2A2ffiffiffiffiffiffiffiffi
MK

p 1
8f

; ð14Þ
which represents the maximum possible power (called power limit) that could be harvested by an energy harvester. It occurs
when the electrical impedance Zelec matches the source impedance, i.e.,
Zelec ¼ Z�
S; ð15Þ
where the superscript ‘‘*” denotes complex conjugate and the source impedance
ZS ¼ jxLs þ Rs þ 1
jxCs

¼ C

h2
þ j

1
xh2

Mx2 � K
� � ¼ 1

xnCp

2f

k2
þ j

r2 � 1

rk2

� �
: ð16Þ
Using Eqs. (12), (15) and (16), this impedance matching yields the optimal or matched dimensionless electrical impe-
dance components:
cm ¼ 2f

k2
;vm ¼ � r2 � 1

rk2
: ð17Þ
Correspondingly, the optimal or matched resistance and reactance components of the energy harvesting circuit (not
including the intrinsic capacitance Cp) can be found to be [41]
Rcirð Þm ¼ 1
xCp

2k2fr

2frð Þ2 þ 1� r2ð Þ þ k2
h i2 ; ð18Þ
Fig. 3. Schematic of a bimorph beam energy harvester.
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Xcirð Þm ¼ 1
xCp

2frð Þ2 þ 1� r2
� �

1� r2
� �þ k2
h i

2frð Þ2 þ 1� r2ð Þ þ k2
h i2 : ð19Þ
The above discussions and results are general and can be applied to any type of piezoelectric vibration energy harvesters
that can be represented by an equivalent impedance, which provides a tool to unify different types of harvesters. However,
this power limit is obtained by assuming that the Rcir and Xcir are free to be adjusted or tuned, which is not the case in reality
as a physical energy harvesting circuit imposes constraints that could preventing from attaining these optimal resistance and
reactance values simultaneously. For example, the reactance component of a resistive energy harvesting circuit is always
zero. However, for weakly coupled energy harvesters, i.e., small k2, the optimal reactance given in Eq. (19) must be positive.
Thus the optimal reactance cannot be attained and as a result the power limit cannot be reached in this situation.

In the following sections, the unified model will be used to study the power behavior of three representative energy har-
vesters, i.e. resistive (REH), standard (SEH) and synchronized switch harvesting on inductor (SSHI). In addition, a comprehen-
sive comparison will be performed to discuss their similarities governed by the unified model and their differences due to
the difference in the interface or equivalent electrical impedance. To illustrate the general system behavior and the depen-
dence on coupling, a bimorph energy harvester as shown in Fig. 3 is simulated with the parameters given in Table 1. The
clamped end of the composite beam is subjected to base motion excitation at an acceleration of 9.81 m/s2, while the other
end is free. Note that the substrate and PZT material properties are those of bronze C86100 and PSI-5H, respectively. For dis-
cussion purposes the PZT strain coefficient d31 is not provided explicitly but given through the overall coupling coefficient k2

rather. The first vibration mode is the mode of interest.

3. Resistive (REH) energy harvesters

For restive energy harvesters as represented in Fig. 4, the energy harvesting circuit has impedance Zcir = R, where R is the
electrical resistance. From Eq. (10) the equivalent electrical impedance (including both the circuit impedance and the intrin-
sic capacitance Cp) is [42]
ZREH
elec ¼ 1

xCp

rq
1þ rqð Þ2

� j
rqð Þ2

1þ rqð Þ2
( )

; ð20Þ
where the dimensionless tuning resistance
q ¼ xnCpR: ð21Þ

Applying the definition in (12) yields the dimensionless electrical resistance and reactance
cREH ¼ q
1þ rqð Þ2

;vREH ¼ � rq2

1þ rqð Þ2
: ð22Þ
Table 1
Geometry and material properties of the simulated
system.

Property Symbol Value

Length L 76.2 mm
Width b 12.7 mm
Bronze thickness ts 0.254 mm
PZT thickness tp 0.254 mm
Bronze density qs 8830 kg/m3

PZT density qp 7800 kg/m3

Bronze modulus cs 103 GPa
PZT modulus cEp 62 GPa
PZT dielectric constant KT

3 3800

Fig. 4. Schematic of a resistive (REH) energy harvester.
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As a result, the generalized harvested power expression (11) becomes
Fig. 5.
PREH ¼ D2A2ffiffiffiffiffiffiffiffi
MK

p
k2r2q

1þ rqð Þ2

2fr þ k2rq
1þ rqð Þ2

n o2
þ 1� r2 þ k2 rqð Þ2

1þ rqð Þ2
n o2 : ð23Þ
Differentiating this power expression with respect to the dimensionless tuning resistance q yields the optimal tuning
resistance that maximizes the power at a given excitation frequency [23]
qoptimal ¼
1
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2frð Þ2 þ 1� r2ð Þ2

2frð Þ2 þ 1þ k2 � r2
� �2

vuuut : ð24Þ
Correspondingly, the optimal resistance in terms of the original system parameters is given as
Roptimal ¼ 1
xCp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cxð Þ2 þ K �Mx2ð Þ2

Cxð Þ2 þ K þ h2=Cp �Mx2
� �2

vuut : ð25Þ
Note that here the subscript ‘‘optimal” denotes the local optimum for a given excitation frequency under the constraints
imposed by a restive energy harvesting circuit, which is different from the global optimal or matched resistance given in Eq.
(18) obtained by assuming that the impedance of the circuit can be changed without constraints.

The harvested power depends on the excitation frequency, the electrical load and the electromechanical coupling of the
system, which is represented by the coefficient k2 defined in (13). This is illustrated in Fig. 5 for the cases (a) coupling coef-
ficient k2 = 0.03 (a weakly coupled system) and (b) k2 = 0.18 (a strongly coupled system), respectively. A similar view is pro-
vided by Fig. 6, where the harvested power is plotted versus the excitation frequency at different load resistances. As
discussed in [25], the electromechanical coupling of the system leads to two structural effects: 1) As a part of mechanical
energy is converted to electrical energy during the energy harvesting process, the structural response of the system reduces,
resulting in a damping effect. 2) As the electrical load increases from zero (short circuit) to infinity (open circuit), the effec-
tive stiffness of the system increases, resulting an increase in the natural frequency. As a result, the maximum harvested
power has a shift against the frequency as the resistance increases, which is more noticeable in Fig. 6(b) where the short-
Harvested power of a resistive energy harvester. (a) Weak coupling: k2 = 0.03; (b) Strong coupling k2 = 0.18. Plim = 5.95 mW, f = 0.02, A = 9.81 m/s2.
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circuit and open-circuit natural frequencies have more separation due to a higher electromechanical coupling. Also shown in
Fig. 6 is the outer power curve (black solid line) at optimal resistance given by Eq. (25). This curve represents the maximum
harvested power at all frequencies through tuning of the resistive energy harvesting circuit. Graphically it is the outer profile
of all the power curves obtained by using all possible resistance values from zero to infinity. This profile is called ‘‘power
envelop” for the rest of the paper.

In addition to the dependence on the excitation frequency and electrical load, Figs. 5 and 6 also show the effect of cou-
pling on the overall maximum power. If the system coupling is weak as shown in Fig. 6(a), the power limit is not reached and
there exists a single overall power peak. If the system coupling is strong shown in Fig. 6(b), the power limit is reached at two
locations, resulting in two power peaks. A better illustration of the coupling effect is provided in Fig. 7, which plots the har-
vested power versus excitation frequency at optimal resistance given in (25), i.e., the power envelope, at different coupling.
The maximum power increases as the coupling increases initially. There appears to be a critical value of the electromechan-
ical coupling coefficient, after which the maximum power saturates at the power limit. Further increase in coupling beyond
this critical value does not lead to additional peaks as the number of peaks stays at two. It can be seen clearly that the cou-
pling coefficient needs to be equal or greater than this critical value to reach the power limit. Liao and Sodano [43] performed
an analytical analysis based on the governing electromechanical coupled equations and found the critical coupling coeffi-
cient for resistive energy harvesters to be
k2
� �REH

c
¼ 4fþ 4f2: ð26Þ
Fig. 7. Power envelope of a resistive energy harvester at different electromechanical coupling. Plim = 5.95 mW, f = 0.02.
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This condition was also obtained by Liao and Liang [41] by applying the impedance matching technique and recognizing
the matched reactance expression (19) has to be zero for resistive energy harvesting circuits, resulting in a quadratic equa-
tion in terms of r2:
r4 � k2 � 4f2 þ 2
� �

r2 þ k2 þ 1 ¼ 0: ð27Þ
For real-valued solutions of r, it can be shown that the condition on the coupling coefficient is
k2 � 4fþ 4f2; ð28Þ

which is a relationship between the electromechanical coupling and the mechanical damping. Based on this, resistive

energy harvesters can be defined into three categories:
k2 < 4fþ 4f2; weakly coupled

k2
� �

c
¼ 4fþ 4f2; critically coupled

k2 > 4fþ 4f2; strongly coupled

8>><
>>: : ð29Þ
The same mathematical expression of critical coupling coefficient was also mentioned by Shu and Lien [31] for energy
harvesters with a resistive circuit interface. In addition, for a RC circuit interface Liao and Sodano [44] noted the same critical
coupling coefficient while studying the tuning of the circuit for maximum harvested power, and Renno et al. [45] noted it for
a RL circuit interface, respectively. A direct explanation of this critical coefficient is provided by the impedance plot Fig. 8,
which is also used to visualize and clearly explain the power behavior of resistive energy harvesters. The dimensionless
matched electrical impedance (xCpZelec)m is obtained from Eqs. (12) and (17) as
xCpZelec
� �

m ¼ r cm þ jvm

� � ¼ 2fr

k2
� j

r2 � 1

k2
; ð30Þ
which is an intrinsic property of the harvester that is independent of the energy harvesting circuit interface. Note that for a
given electromechanical coupling coefficient k2 and mechanical damping f, the matched impedance depends on the excita-
tion frequency ratio r only. Each frequency corresponds to a particular point on the matched impedance curve in Fig. 8. As the
frequency increases, the point moves along the curve from the top to the bottom overall. On the other hand, the dimension-
less tuning electrical impedance (xCpZelec)REH of the circuit interface is obtained from Eq. (20) as
xCpZelec
� �

REH ¼ rq
1þ rqð Þ2

� j
rqð Þ2

1þ rqð Þ2
: ð31Þ
Note that tuning of the resistive load is equivalent to varying the parameter rq in expression (31). Fig. 6 plots the tuning
electrical impedance curve (in magenta color near the origin) and the matched electrical impedance curves with four differ-
ent electromechanical coupling coefficients corresponding to those in Fig. 7. The tuning electrical impedance needs to be
equal to the matched electrical impedance to reach the power limit, which is the maximum possible power the harvester
can generate. Graphically this means that the tuning and matched curves need to intersect. In addition, tuning of the circuit
corresponds to moving a point along the tuning curve graphically. When the system coupling is weak, for example, k2 = 0.03,
the matched impedance curve is away from the tuning curve. Though tuning helps reduce the distance between the tuning
point and the matched impedance curve and increase the harvested power, the tuning impedance curve is not able to inter-
Fig. 8. Tuning and matched impedance curves of a resistive energy harvester.



412 Y. Liao, J. Liang /Mechanical Systems and Signal Processing 123 (2019) 403–425
sect the matched impedance curve. As a result, the power envelope for k2 = 0.03 in Fig. 7 has an overall power peak but the
peak is below the power limit. As the coupling increases, the matched impedance curve moves closer to the tuning curve, i.e.,
from right to left as shown in Fig. 8. At the critical coupling k2 = 0.0816, the two curves intersect at a single point. As a result,
the power envelop still has a single overall power peak but it is at the power limit now. As the coupling increases beyond this
critical coupling value, for example, k2 = 0.18, the matched and tuning impedance curves intersect at two locations, resulting
in two power peaks at the power limit. Fig. 8 shows that further increase of the coupling after the critical value does not lead
to additional intersection points, which remain at two. As a result, there are always two power peaks at the power limit in
the power envelope of a strongly coupled REH harvester. Though this section is focused on resistive energy harvesters, many
of the observations and discussions can be applied to other types of energy harvesters too. In the next sections, two common
energy harvesting interfaces, standard (SEH) and synchronized switch harvesting on inductor (SSHI), will be discussed in
detail such as their electrical impedances, critical coupling, and system behaviors. Then an overall comparison of the three
types will be provided at the end of this paper.

4. Standard (SEH) energy harvesters

4.1. Unified modeling based on Shu’s model

Many energy harvesting applications involve DC powered devices, for example, wireless sensors and wearable electron-
ics. To convert the AC voltage output due to vibration excitation to a DC voltage output, a voltage rectifier can be used, result-
ing in the standard energy harvester configuration as shown in Fig. 9, where Ce is a large filter capacitor to ‘‘smooth” out the
output voltage, i.e., reduce the ripples in the voltage signal, which are negligible for large Ce [31]. As discussed in Section 1,
multiple models have been proposed to describe the physics and power characteristics of this circuit interface [29–31]. The
most important one was developed by Shu and Lien [31], and they found the analytical expression of the harvested power
through this interface as
PSEH ¼ D2A2ffiffiffiffiffiffiffiffi
MK

p
2k2r2q
rqþp=2ð Þ2

2fr þ 2k2rq
rqþp=2ð Þ2

n o2
þ 1� r2 þ k2r

rqþp=2

n o2 ; ð32Þ
where q is the dimensionless turning resistance defined in Eq. (21). Note that different notations were used in their orig-
inal work for some of the quantities in this power expression. Comparing (32) with the unified-modeling power expression
(11) yields the equivalent dimensionless resistance and reactance of standard energy harvesters:
cSEH ¼ 2q
rqþ p=2ð Þ2

;vSEH ¼ � q
rqþ p=2

: ð33Þ
As a result, the equivalent electrical impedance of a SEH harvester based on Shu’s model is obtained as
ZSEH
elec ¼

1
xCP

2rq
rqþ p=2ð Þ2

� j
rq

rqþ p=2

( )
; ð34Þ
The system behavior of SEH harvesters is illustrated in Fig. 10, where the harvested power is plotted against the excitation
frequency and the dimensionless resistance in log scale at two levels of electromechanical coupling. The plot on the left is for
coupling coefficient k2 = 0.03 (a weakly coupled system) and the plot on the right is for k2 = 0.25 (a strongly coupled system),
respectively. It can be seen that overall the system power behavior is very similar to that of a resistive energy harvester. For
the weakly coupled system, there exists a single overall power peak below the power limit; while the strongly coupled sys-
tem has two power peaks at the power limit. The coupling effect on the power behavior is illustrated in Fig. 11, where the
power envelopes at different coupling are plotted. Comparing Fig. 11 with Fig. 7 reveals similarities of the coupling effect for
REH and SEH harvesters. Increasing the electromechanical coupling improves the power performance of the system. How-
ever, once the coupling reaches its critical value, the maximum power saturates. The most important difference is the value
of this critical coupling. SEH harvesters require a much higher critical coupling to reach the power limit compared to REH
harvesters, e.g., 0.1295 compared to 0.0816. As the critical coupling coefficient provides valuable information on the power
behavior of the system and indicates if the power limit can be reached through tuning, it is desirable to obtain a relationship
similar to Eq. (26) between the critical coupling and the mechanical damping. Through simulation studies, Shu and Lien [31]
Fig. 9. Schematic of a standard energy harvester.



Fig. 10. Harvested power of a standard energy harvester. (a) Weak coupling: k2 = 0.03; (b) Strong coupling k2 = 0.18. Plim = 5.95 mW, f = 0.02, A = 9.81 m/s2.

Fig. 11. Power envelope of a standard energy harvester at different electromechanical coupling. Plim = 5.95 mW, f = 0.02.
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claimed that the critical coupling for standard energy harvesters was about 10 times of the mechanical damping ratio. Also
from simulations, Liao and Liang [41] obtained a more accurate estimate that the factor was about 2p for systems of low
damping. However, an analytical relationship has not been found by researchers. This paper presents a direct and closed-
form relationship for the first time and its derivation carries out as follows.

First, to reach the power limit, the electrical impedance (34) needs to match the source impedance in (16). Applying the
impedance matching relationship (17) results in
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2q
rqþp=2ð Þ2 ¼

2f
k2

q
rqþp=2 ¼ r2�1

rk2

8<
: : ð35Þ
Manipulating the two equations yields a polynomial equation in terms of the frequency ratio r:
f rð Þ ¼ r4 � 2þ k2
� �

r2 þ p
2
k2fr þ 1þ k2

� �
¼ 0 ð36Þ
Because this equation is obtained based on the assumption that the impedances are matched, if real-valued and non-
negative solutions of r exist, then the power limit is can be reached. In this situation the system is either a critically coupled
system (with identical roots) or a strongly coupled system (with distinct roots). The existence of roots depends on the rela-
tionship between the coupling coefficient k2 and the mechanical damping ratio f. This is illustrated in Fig. 12, where the
function f(r) is plotted versus r for constant f = 0.02 but different k2 values. It can be seen that as the coupling increases,
the bottom of the function curve moves downward. When the coupling is weak, there is no intersection points between
the function curve and the horizontal axis. As a result, no physical roots of Eq. (36) exist and the power limit is not reached.
As the coupling increases to its critical value, i.e., 0.1295, the function curve touches the horizontal axis at just one location.
The power limit is reached and identical roots of r exist. Further increase of the coupling pushes the function curve to be
lower and there are two intersection points, resulting in two power peaks at the power limit and distinct roots.

The closed-form condition between k2 and f for the existence of physical solutions is difficult to obtain directly because
Eq. (36) is a 4th-order polynomial in terms of r and it cannot be rewritten as a quadratic equation in terms of r2 similar to Eq.
(27) for resistive energy harvesters. However, since the ultimate goal is to determine the critical coupling at which the two
power limit frequencies are the same, i.e. identical roots, the 4th-order polynomial equation can be rewritten as
r2 þ ar þ b
� �

r2 � 2cr þ c2
� � ¼ 0; ð37Þ
where a, b, c are constants and the second quadratic expression accounts for the fact that two identical roots occur at the
critical coupling. Expanding (37) and comparing the result with (36) yield
3c4 � 2þ k2c
� �

c2 ¼ 1þ k2c

�4c3 þ 4þ 2k2c
� �

c ¼ p
2 k

2
c f

8><
>: : ð38Þ
Solving for c in terms of k2c from the first equation and substituting it into the second equation yield a closed-form rela-
tionship between the critical coupling coefficient and the mechanical damping ratio
f ¼
16þ 8k2c � 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4c þ 16k2c þ 16

q
3pk2c

0
@

1
A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ k2c þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4c þ 16k2c þ 16

q
6

vuut
; ð39Þ
which is graphically plotted in Fig. 13. In addition, numerical studies using Shu’s model were performed to validate this
closed-form relationship (39) and the results are represented by the red-square marker in the figure, which falls exactly
on the closed-form function curve. For application purposes, expression (39) can be approximated with great accuracy by
a simpler expression similar to Eq. (26) for resistive energy harvesters
Fig. 12. Polynomial function f(r) defined in Eq. (36) versus frequency ratio r at various level of coupling.



Fig. 13. Critical coupling coefficient (k2)c vs. mechanical damping ratio f.
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k2
� �SEH

c
� 6:260fþ 10:43f2; ð40Þ
which is obtained by fitting the analytical function curve based on Eq. (39). Note that because this fit curve closely matches
the analytical function curve, the two curves appear to be a single curve in the figure.
4.2. Unified modeling based on the equivalent electrical impedance approximation

The above discussions and analysis of standard energy harvesters are based on the comparison between the power
expression (11) of the unified model and the power expression (32) obtained by Shu and Lien’s model. The equivalent elec-
trical impedance of standard energy harvesters is able to be extracted and fit into the unified model. However, as to be dis-
cussed in the next section, this is not always possible. In that case Liang and Liao [42] developed a general method to obtain
the equivalent impedance of the energy harvesting circuit interface. The advantage of the method is that it can be easily
extended to various energy harvesting circuit interfaces. In short, due to nonlinearities of the standard energy harvesting
circuit interface, the waveform of the current in the harvesting circuit is still periodic but no longer sinusoidal as that in
a linear circuit. The method performs a Fourier analysis of the waveform and obtains an equivalent impedance by using
the fundamental component of the current. It has been found [42] that for standard energy harvesters the equivalent elec-
trical impedance (shaded region in Fig. 1) is
ZSEH
elec ¼ Relec þ jXelec ¼ 1

pxCp
sin2bþ j sinbcosb� bð Þ
h i

; ð41Þ
where b is the rectifier blocked angle in a half cycle and it is related to the rectified voltage Vrect and the open circuit voltage
Voc as
cosb ¼ 1� 2V
�
rect ¼ 1� 2

V rect

Voc
; ð42Þ
As the circuit is being tuned or the load resistance changes, the blocked angle b changes between 0 and p. From expres-
sions (12) and (41), the dimensionless impedance components of standard energy harvesters for the unified model are
cSEH ¼ 1
pr

sin2b;vSEH ¼ 1
pr

sinbcosb� bð Þ: ð43Þ
This model yields similar system behaviors to that predicted by Shu and Lien’s model. A closed-form expression of the
critical coupling coefficient in terms of the mechanical damping ratio is not available for this model due to the nonlinearity
associated with the terms in (43). However, simulation studies showed that the following expression could be used with
good accuracy [41]:
k2
� �SEH

c
� 6:277fþ 10:07f2; ð44Þ
whose coefficients are extremely close to that of Eq. (40) yielded by Shu and Lien’s model with the dominant coefficients
(before f) within 0.3% of each other.
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5. Synchronized switch harvesting on inductor (SSHI) energy harvesters

5.1. Unified modeling based on Shu’s model

To improve the power performances of weakly coupled system, a synchronized switch and an inductor are added to the
standard energy harvesting circuit interface, resulting in the S-SSHI interface if they are connected with the standard inter-
face in series as shown by the top configuration in Fig. 14, or the P-SSHI interface if they are connected with the standard
interface in parallel as shown by the bottom configuration. A large smoothing capacitor Ce is used to reduce the ripples in
the output voltage signal, and can be neglected in the power analysis [31]. This effective SSHI technique was proposed by
Guyomar et al. [30] based on the synchronized switch damping (SSD) technique [35,36] for piezoelectric damping. Through
an inductor, the SSD technique is able to force the voltage of the piezoelectric element 90 degrees out of phase with the
structural motion, resulting in enhanced damping. As an improvement over the in-phase analysis in [30], Shu et al. [37] per-
formed an improved analysis including the phase shift and obtained the power expression for energy harvesters of the P-
SSHI circuit interface:
PP�SSHI ¼ D2A2ffiffiffiffiffiffiffiffi
MK

p
2k2r2q

1�q
2 rqþp

2ð Þ2

2fr þ 2 1þrq
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2 ; ð45Þ
where q is the voltage inversion factor in the switching action, r is the frequency ratio, and q is the dimensionless resistance,
respectively. There are some similarities between this power expression (45) and the general expression (11) of the unified
model. However, except for q = 1, a general equivalent electrical impedance (for all possible values of q) is not able to be
extracted by comparing the two expressions as previously done for standard energy harvesters because some of the terms
do not match exactly. When q = 1, it corresponds to an ideal inversion of the piezoelectric voltage. In this case, Eq. (45)
becomes
PP�SSHI ¼ D2A2ffiffiffiffiffiffiffiffi
MK

p
8k2r2q
p2

2fr þ 8k2rq
p2

� �2
þ 1� r2ð Þ2

; ð46Þ
Comparing this expression to the generalized power expression (11) yields the unified dimensionless electrical impe-
dance components, i.e., resistance and reactance, when q = 1:
cP�SSHI
� �

q¼1 ¼ 8q
p2 ; v

P�SSHI
� �

q¼1 ¼ 0: ð47Þ
Following a similar analysis, Lien et al. [46] obtained the power expression for energy harvesters of the S-SSHI circuit
interface:
PS�SSHI ¼ D2A2ffiffiffiffiffiffiffiffi
MK

p
8k2r2q 1þqð Þ

1�qð Þpþ2 1þqð Þrq

n o2

2fr þ 4k2 1þqð Þ
1�qð Þpþ2 1þqð Þrq

n o2
þ 1� r2 þ k2
n o2 : ð48Þ
Again, this model is able to fit into the unified model for q = 1 only, when expression (48) becomes
PS�SSHI ¼ D2A2ffiffiffiffiffiffiffiffi
MK

p
2k2

q

2fr þ 2k2

qr

� �2
þ 1� r2 þ k2
� �2 ; ð49Þ
and the corresponding unified dimensionless electrical impedance components are
Fig. 14. Schematics of SSHI energy harvesters (S-SSHI and P-SSHI).



Fig. 15.
q = 0.5.
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cS�SSHI
� �

q¼1 ¼ 2
qr2

; vS�SSHI
� �

q¼1 ¼ �1
r
: ð50Þ
Since q = 1 signifies an ideal inversion which is not practically useful, in the next section the general equivalent electrical
impedance of SSHI circuit interface is obtained by applying the equivalent impedance approach developed by Liang and Liao
[42] instead.

5.2. Unified modeling based on the equivalent electrical impedance approximation

By applying the equivalent impedance approach, the equivalent electrical impedance of the P-SSHI circuit interface is
obtained as:
ZP�SSHI
elec ¼ 1

pxCp
1� cosbð Þ 4

1� q
� 1þ cosb

� �
þ j sinbcosb� bð Þ

� �
; ð51Þ
where b is the rectifier blocked angle in a half cycle ranging from 0 to p [42]. Using the definition in Eq. (12), the dimension-
less unified resistance and reactance of P-SSHI energy harvesters are
cP�SSHI ¼ 1
pr

1� cosbð Þ 4
1� q

� 1þ cosb
� �

;vP�SSHI ¼ 1
pr

sinbcosb� bð Þ: ð52Þ
Fig. 15 plots the harvested power behavior of a weakly coupled (k2 = 0.002) and a strongly coupled (k2 = 0.18) P-SSHI
energy harvester for q = 0.5, respectively. Similar to other types of energy harvesters, the power depends on the tuning of
the excitation frequency and the electrical load. Fig. 16 presents a clear view of the coupling effect on the power. Initially
the harvested power increases as the coupling increases. When the coupling reaches its critical value, the power limit is
reached. As the coupling increases further, the power saturates and the peak is kept at the power limit.

The equivalent impedance of the S-SSHI circuit interface has been obtained by Liang and Liao as [42]:
ZS�SSHI
elec ¼ 1

xCp

4
p

1þ q
1� q

1� V
�
rect

� �
� j

� �
; ð53Þ
Harvested power of a P-SSHI energy harvester. (a) Weak coupling: k2 = 0.002; (b) Strong coupling k2 = 0.18. Plim = 5.95 mW, f = 0.02, A = 9.81 m/s2,



Fig. 16. Power envelope of a P-SSHI energy harvester at different electromechanical coupling. Plim = 5.95 mW, f = 0.02, q = 0.5.
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where the dimensionless rectified voltage V͂rect = Vrect/Voc, and Vrect is the rectified voltage and Voc is the open circuit voltage,
respectively. Correspondingly, the dimensionless unified resistance and reactance are
Fig. 17.
q = 0.5.
cS�SSHI ¼ 4
pr

1þ q
1� q

1� V
�
rect

� �
;vS�SSHI ¼ �1

r
: ð54Þ
Fig. 17 plots the harvested power behavior of a weakly coupled (k2 = 0.002) and a strongly coupled (k2 = 0.18) S-SSHI
energy harvester for q = 0.5, respectively. Fig. 18 shows the effect of system coupling on the power. Overall the system
behavior of S-SSHI energy harvesters is very similar to that of P-SSHI energy harvesters as shown in Figs. 13 and 15. The peak
harvested power increases as the coupling increases. Then the peak power saturates at the power limit. There are some
important observations from the figures compared to the P-SSHI circuit interface: 1) The critical coupling for the S-SSHI
Harvested power of a S-SSHI energy harvester. (a) Weak coupling: k2 = 0.002; (b) Strong coupling k2 = 0.18. Plim = 5.95 mW, f = 0.02, A = 9.81 m/s2,



Fig. 18. Power envelope of a S-SSHI energy harvester at different electromechanical coupling. Plim = 5.95 mW, f = 0.02, q = 0.5.
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interface is the same as that of the P-SSHI interface; 2) For strongly coupled systems, the number of power limit peak

remains as one; 3) The power limit frequency stays at the open-circuit natural frequency (roc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2

p
) regardless of the

coupling.
The observed behaviors of the P-SSHI and S-SSHI energy harvesters can be explained by the impedance plot Fig. 19, where

the dimensionless electrical impedance components of the P-SSHI circuit interface are
xCpR
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p
1� cosbð Þ 4

1� q
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p
sinbcosb� bð Þ; ð55Þ
and the dimensionless electrical impedance components of the S-SSHI circuit interface are
xCpR
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1� q
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elec ¼ �1: ð56Þ
Note that for this impedance plot the tuning of the P-SSHI interface is through the blocked angle b, and the tuning of the
S-SSHI interface is through the dimensionless rectifier voltage V͂rect, respectively. The dimensionless matched impedance
(xCpZelec)m is given by Eq. (30), resulting in matched impedance curves from the top to the bottom of the figure. It can be
seen that the P-SSHI and S-SSHI tuning curves meet at the right end point. As the coupling increases, the corresponding
matched impedance curve moves to the left, and it becomes in contact with the P-SSHI and S-SSHI tuning curves at the same
time, i.e., at the right end point. This explains that the two circuit interfaces have the same critical coupling coefficient (for
example, 0.0105), at which the power limit is reached. In addition, as the coupling increases further, the matched impedance
curve keeps moving to the left. Both P-SSHI and S-SSHI tuning curves intersect the matched impedance curve at a single loca-
tion (different from the two as for REH and SEH circuit interfaces) and this results in just a single power limit peak even for
Fig. 19. Tuning and matched impedance curves of SSHI energy harvesters.
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strong coupling as shown in Figs. 16 and 18. Lastly, Fig. 19 illustrates how the power limit frequency (frequency at the inter-
section points) changes as the coupling changes. The horizontal axis of this impedance plot is associate with the electrically
induced damping due to energy harvesting, and the vertical axis is associated with the induced compliance change, respec-
tively. A dimensionless reactance of zero corresponds to the short-circuit resonance frequency and a value of �1 corresponds
to the open-circuit antiresonance frequency. As the coupling increases further from the critical coupling, the intersection
point between the P-SSHI tuning curve and the matched impedance curve moves upward, from a dimensionless reactance
of �1 to 0. Correspondingly, the power limit frequency ‘‘converges” to the short-circuit resonance frequency (r = 1), which is
shown in Fig. 16. On the other hand, the S-SSHI tuning curve is horizontal with a dimensionless reactance of �1. As a result,
its intersection point with the matched impedance curve always has a dimensionless reactance of �1, and the power limit
frequency is always at the open-circuit antiresonance frequency. Mathematically, this can be shown by equating the tuning
electrical impedance in Eq. (54) to the matched impedance in Equation (17). Applying this to the dimensionless reactance
components, i.e., vS-SSHI = vm yields
�1
r
¼ � r2 � 1

rk2
; ð57Þ
which gives the frequency ratio at the intersection point
r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2

q
; ð58Þ
Note that the intersection point is where the power limit is reached. Thus the power limit frequency of the S-SSHI circuit
interface is always equal to the open-circuit antiresonance frequency.

As discussed above, the critical coupling is the same for the P-SSHI and S-SSHI circuit interface. To determine it analyt-
ically, note that in Fig. 19 the critical coupling occurs when the matched impedance curve in red passes the right end point of
the P-SSHI and S-SSHI tuning curve. For the P-SSHI curve, the right end point is obtained when b = p in expression (52). For
the S-SSHI curve, the right end point is obtained when V͂rect = 0 in expression (54). Either expression gives the right end point
cSSHIRE ¼ 4
pr

1þ q
1� q

;vSSHI
RE ¼ �1

r
ð59Þ
where the subscript ‘‘RE” stands for ‘‘right end.” Since the matched impedance curve at the critical coupling passes this point,
set the above expressions equal to the matched impedance expressions given in Eq. (17). This yields
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Solving for r from the bottom equation and substituting it into the top equation yield
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� a2 k2
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where the constant
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f: ð62Þ
From Eq. (61), the critical coupling coefficient can be determined as
k2
� �SSHI

c
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4þ a2

p þ a2

2
: ð63Þ
For application conveniences, the exact solution form (61) can be approximated by Taylor series expansion for low
mechanical damping by the following form similar to expression (26) for REH harvesters and expression (40) for SEH
harvesters:
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� �SSHI
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� aþ 1

2
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2
1� q
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8
1� q
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f2: ð64Þ
Two important observations can be made from Eq. (63). First, as the mechanical damping increases the critical coupling
increases. Secondly, as the voltage inversion factor q increases, the critical coupling decreases. When q = 1, i.e., the ideal volt-
age inversion, the critical coupling for the SSHI interface is zero. This means the power limit can be reached regardless of the
actual system coupling. To visualize this result graphically, note that the SSHI tuning curves for q = 1 moves to the right and
extend to infinity because the dimensionless resistance c goes to infinity as given by Eq. (59). As a result, the matched impe-
dance curve always intersects the tuning curves. This agrees with the effective electromechanical coupling analysis of the P-
SSHI circuit interface by Shu et al. [37], which is based on the governing modeling Equation (45) at the short-circuit reso-
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nance, i.e., r = 1. Specifically, they found that under the ideal inversion, the effective system coupling becomes infinity no
matter what the original value of the coupling is. In other words, the system is always strongly coupled regardless of the
actual coupling in this situation.
6. Comparison of energy harvesting interfaces

Three important observations can be made from the results as graphically illustrated in Figs. 7, 11, 16, 18 for the three
energy harvesting interfaces: 1) The interfaces are subjected to the same power limit; 2) A much lower critical coupling
for the SSHI interfaces to reach the power limit. For this simulated energy harvester configuration, the critical coupling is
0.0105 for SSHI (q = 0.5), 0.0816 for REH, and 0.1295 for SEH harvesters, respectively; 3) For strongly coupled systems, there
exists just a single power limit peak for both SSHI interfaces, instead of two as that for REH and SEH interfaces. The first
observation can be explained by noting all the three different interfaces still fall into the same unified general model and
the impedance matching concept as discussed in Section 2. The other two observations can be explained through the impe-
dance plot Fig. 20. When the electromechanical coupling of the system is extremely low, for example, k2 = 0.009, the
matched impedance curve is far away from all the tuning curves of interfaces. As a result, the power limit cannot be reached
by any of the interfaces. There exists a single power peak in the power envelopes, which is under the power limit. As the
coupling increases, the matched impedance curve moves to the left. It first starts to make contact with the SSHI tuning
curves at k2 = 0.0105, resulting in a critical coupling situation for the SSHI interface. As the coupling increases further, the
matched impedance curve intersects with the SSHI tuning curves at a single location for either P-SSHI or S-SSHI, resulting
in a single power limit peak in the SSHI power envelopes, and the SSHI interfaces are strongly coupled from now on. Once
the coupling increases to k2 = 0.0816, the REH interface becomes critically coupled and the SEH is still weakly coupled. The
further increase of the coupling to k2 = 0.1298 makes the SEH interface critically coupled. After that all three interfaces are
strongly coupled. As discussed previously, in the strongly coupled situation for both REH and SEH the matched impedance
curve intersects the tuning curves at two different locations, resulting in two power limit peaks in the power envelope.

In addition, Fig. 20 explains the superior energy harvesting capability of the SSHI interfaces for weakly coupled systems.
While the REH and SEH tuning curves are more located near the origin, the SSHI tuning curves extend further to the right,
making them closer to those weak-coupling matched impedance (or power limit) curves to harvest more power. This is more
directly illustrated in Fig. 21(a), where the SSHI power envelopes have a much higher power peak compared to those of REH
and SEH interfaces. However, if the system coupling is not too weak, the benefit of SSHI interface might not be as significant.
This is shown in Fig. 21(b), where the harvested power of SSHI interfaces is still higher but it is capped by the power limit,
and the power harvested by other interfaces is not much lower. For systems of very strong coupling as shown in Fig. 21(c),
the SSHI interface turns out to be a bad choice. In this situation, the harvested power from all interfaces is saturated. The SSHI
circuit interface is more complex compared to other interface and its ‘‘harvesting frequency bandwidth” for reasonable level
of power output appears to be narrower for the SSHI interfaces.

The critical coupling is an important parameter to predict and classify system behaviors. It connects to the energy har-
vesting capability of interfaces, and provides guidance on interface selections. As a summary, Table 2 lists the analytical
Fig. 20. Tuning and matched impedance curves of REH, SEH, and SSHI energy harvesters.



Fig. 21. Power envelopes of REH, SEH, and SSHI energy harvesters at different electromechanical coupling.
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and approximating relationships between the critical coupling and the mechanical damping ratio for the three representa-
tive interfaces, and the critical coupling values are compared in Fig. 22. Overall the critical coupling increases with the
mechanical damping. The SSHI interface requires the lowest coupling to reach the power limit; while the SEH interface
requires the highest. It can be seen that for the SSHI interface as the factor q increases, the curve rotates about the origin
in the clockwise direction, becoming horizontal when q = 1.

To determine the coupling level (weakly, critically, or strongly coupled) of a system experimentally, the actual coupling
coefficient k2 and mechanical damping ratio f can be measured first, and then the measured coupling coefficient is compared
to the critical coupling coefficient given in Table 2. A simple way to measure the coupling coefficient is through the differ-
ence between the short-circuit and open-circuit natural frequencies:
k2 ¼ x2
n

� �
OC � x2

n

� �
SC

x2
n

� �
SC

; ð65Þ
where the subscript ‘‘SC” denotes ‘‘short-circuit” and ‘‘OC” denotes ‘‘open-circuit”, respectively. The natural frequencies can
be measured by using standard modal testing techniques [47,48] either from the forced or free vibration response of the sys-
tem. Similarly, the damping ratio can be extracted in the frequency domain (for example, the half-power bandwidth method)
or in the time domain (for example, the log decrement method). The log decrement method has been shown to be a simple
and accurate method to measure the damping of lightly damped structures. It is based on the exponentially decay charac-
teristic of the free vibration response that could be excited by an impact hammer or initial condition. Practically, the free
response data can be band-pass filtered [49] first to remove the static offset, reduce the noise, and isolate the natural fre-
Table 2
Relationship between critical coupling and mechanical damping.

Circuit interface Analytical Exact or approximation to analytical

REH Eq. (26) k2
� �

c
¼ 4fþ 4f2

SEH Eq. (39) k2
� �

c
� 6:260fþ 10:43f2

SSHI Eq. (63)
k2

� �
c
� p

2
1�q
1þq

� �
fþ p2

8
1�q
1þq

� �2
f2



Fig. 22. Critical coupling of REH, SEH, and SSHI energy harvesters obtained from analytical Eqs. (26), (39), and (63), respectively.
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quency of interest, before the log decrement method is applied. An actual example of the relationship between the natural
frequencies, coupling, and system behaviors can be provided based on the experimental results obtained by Liao and Sodano
[23] for a REH energy harvester. Modal testing was performed and it was found that for the first mode the short-circuit and
open-circuit natural frequencies of the system were 134.2 Hz and 139.6 Hz, from which the coupling coefficient k2 can be
determined to be 0.082 from Eq. (65). In addition, the damping ratio was found to be 0.019, which yields a critical coupling
value (k2)c of 0.077. Thus, this system was strongly coupled based on the criterion defined in Eq. (29). This is validated by the
power measurements conducted in [23], which showed the power saturation, power limit and two peak phenomena as dis-
cussed in Section 2 for strongly coupled REH energy harvesters. As an important additional practical note, most of the coef-
ficients in the critical coupling expressions and numerical results are given with four significant figures because they have
been obtained either from analytical relationships, or for comparison between different models. However, these results were
essentially derived from an approximated SDOF model, and the variability of the system properties and measurement errors
inevitably lead to an actual critical coupling value that is different from the ‘‘theoretical” one. From a practical point of view,
these expressions are used to ‘‘estimate” the system behavior instead of determining it. For low damping (desirable for
energy harvesting), the critical coupling coefficient expressions for REH and SEH harvesters could be closely approximated
by simpler forms as (k2)c � 4f and (k2)c � 2pf, respectively.

As a final note, we would like to point out that strictly speaking the obtained power limit is the maximum power that can
be extracted by the energy harvesting circuit as a whole through impedance matching. However, physically this overall
extracted power can be further divided into dissipated energy (turned into non-recoverable heat) and actual harvested
energy (converted into storable or useful electricity) [42]. The ratio of the dissipated and harvested energies varies under
different extracted energy. Maximum extracted energy is not necessarily linked with the maximum harvested energy. In par-
ticular, for the SSHI technology, the percentage of dissipated energy is more significant under large equivalent impedance
region. Given the simultaneous variation of the source and load impedances, the exact maximum harvested power is unable
to be derived with a closed-form equation. Instead, it needs to be obtained in a numerical way [42]. If these energy losses are
considered, the exact maximum harvested power should be lower than the power limit, which still serves as an important
indicator of the power generation capability of a harvester. On the other hand, as mentioned in the Introduction section, par-
asitic components in practical piezoelectric materials also play nonnegligible roles against the harvesting improvement [38].
For example, dielectric leakage resistance, which is connected in parallel with the harvesting interface circuit, imposes
another constraint on the attainable range of the equivalent impedance of the electrical part [40]. If the leakage resistance
is not small, a more conservative estimation on the power performance is desired [38–40]. Due to the dielectric loss, the
actual power limit will be lower than the ideal power limit discussed in this work. Additionally, the critical coupling coef-
ficient in practical lossy piezoelectric energy harvesting systems should be higher than the closed-form expressions. Future
work will consider an all-round understanding on the relations among harvesting circuit, coupling coefficient, and other
practical parameters in the non-ideal piezoelectric transducers, including the dielectric loss, nonlinear coupling, etc.
7. Conclusions

A unifiedmodel of piezoelectric vibration energy harvesters has been presented, which uses a generalized electrical impe-
dance to represent the energy harvesting interface. Based on this unified model, the ‘‘global” system behaviors of energy har-
vesters are discussed. It has been observed the electromechanical coupling has a significant effect on the harvested power. As
the coupling increases, the harvested power increases. After the coupling has reached a critical value, the power saturates
and appears to be capped by a limit. The power limit has been determined in close-form, which depends on the effective
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systemmass, short-circuit stiffness, and mechanical damping ratio. It represents the maximum possible power that could be
harvested regardless of the type of energy harvesting interface.

The critical coupling is the minimum coupling required to reach the power limit. Based on the relationship between the
actual coupling and the critical coupling, i.e., smaller than, equal to, or greater than, the system can be defined correspond-
ingly as weakly, critically, or strongly coupled. The analytical expressions of critical coupling of three representative energy
harvesting interfaces, i.e., resistive (REH), standard (SEH), and synchronized switch harvesting on inductor (SSHI), are pre-
sented, with the expressions for SEH and SSHI being obtained for the first time.

The unified electrical impedances of the three representative interfaces are defined and associated system behaviors are
discussed. Then the behaviors are clearly explained through an impedance plot graphically illustrating the relationship
between the system tuning, coupling and harvested power.

Lastly the three energy harvesting interfaces are compared. The SSHI interface requires the lowest critical coupling to
reach the power limit, making it a superior energy harvesting interface for systems of weak coupling. However, for systems
with strong coupling, SSHI loses its advantages and could be a bad choice due to its complexity in implementation and nar-
rower energy harvesting frequency bandwidth; while the other types of energy harvesting interfaces are able to yield com-
parable power.
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