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Multiple Harmonics Extended Impedance Model
of Piezoelectric Energy Harvesting Systems
Yiming Gao , Junrui Liang , Senior Member, IEEE, and Yabin Liao

Abstract—In a piezoelectric energy harvesting (PEH) system, the dynamics and harvested power vary with different base excitation. Accurately predicting the energy harvesting capability under different types of excitation is of
importance for the analysis and design of PEH systems.
Many studies started the modeling and analysis of such
an electromechanically coupled system under harmonic
excitation. However, in real-world scenarios, environmental
vibration might be irregular and impulsive. This article extends the equivalent impedance analysis from single harmonic to multiple harmonics for describing the complex
dynamics and harvested power of a PEH system under nonharmonic base excitation. The proposed multiple harmonic
analysis is based on the extended impedance method (EIM),
which uniforms the impedance expressions of both linear
and nonlinear components in a matrix form. The modeling principle and procedures of EIM are provided in detail. The power flow in the steady-state PEH systems and
energy flow in the transient PEH systems are numerically
discussed. Experiments based on a base-excited piezoelectric cantilever, as the energy harvester, and a full-wave
bridge rectifier, as the power conditioning circuit, validate
the EIM-based analysis, in terms of harvested power/energy
prediction and dynamics description.
Index Terms—Energy harvesting (EH), extended
impedance method (EIM), multiple harmonics model,
nonlinearity, piezoelectric device.
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I. INTRODUCTION
N RECENT years, wireless sensor networks are extensively
deployed for monitoring the health of large infrastructures,
public safety, etc. To solve the power supply issues of these
pervasively distributed IoT devices, research efforts have been
made in two focused directions. One is to increase battery life.
The other is to harvest energy from the ambient environment.
No matter how long is the battery life, energy will run out
eventually. Replacing massive batteries requests a lot of labor
cost. Therefore, energy harvesting (EH) is a longer lasting and
more environmental-friendly solution. Various renewable and
sustainable techniques were developed for harvesting energy in
different physical forms from the ambiance [1]. According to the
origin of energy sources, EH technologies can be classified into
radio frequency EH [2], solar EH [3], thermoelectric EH [4], flow
EH [5], vibration EH [6], etc. Piezoelectric energy harvesting
(PEH) is one of the most extensively investigated vibration EH
technologies. It only needs a simple structure and has relatively
high power density. A typical PEH system consists of vibration
source, cantilever beam, piezoelectric transducer, interface circuit, energy storage, and dc load. The vibration source might
from machines [7], vehicles [8], [9], airflow [10]–[12], human
movements [13]–[17], etc. In general, the real world vibrations
have very different features. Some are periodic; some are fluctuating; some are intermittent.
A large number of related research papers puts more emphasis
on mechanical dynamics. Erturk et al. proposed a distributed
parameter model for the cantilever-based PEH system [18].
Zhu et al. [19] used the finite element method to model the
mechanical part of PEH systems. Asan et al. [20] built the
model for different piezoelectric beam shapes and validated
them in COMSOL simulation software. Nonlinear structures
were extensively studied for broadening the EH bandwidth [21].
Meta-materials or meta-structures were utilized for confining
or concentrating vibrations for a better EH performance [22],
[23]. In most of these mechanical part emphasized studies, the
electrical effect was usually taken as a simple resistive load [24].
The dynamic effect of a real harvesting circuit was not fully and
accurately considered.
Another large category of research papers focuses on the
electrical design. Ottman et al. [25] used an adaptive dc–dc
converter after a full-wave bridge rectifier, which is also regarded
the standard energy harvesting (SEH) interface circuit, to keep
track of the maximum output power. Guyomar et al. [26] proposed several synchronized switch interface circuits for PEH
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enhancement. Liang et al. [27] proposed a synchronized triple
bias-flip interface circuit to further increase the net harvested
power. Wang et al. [28] explored the integrated performance
of the galloping EH with the tapered-beam structure and four
interface circuit. Some self-powered designs [29]–[33] further
pushed the synchronized switch technique toward practical
application. In most of these electrical part emphasized studies,
the mechanical part was usually modeled as a simple current
source in parallel with the piezoelectric capacitance. This model
holds only when the beam deflects at a same amplitude.
The theoretical model is essential for the power/energy prediction and dynamics analysis of PEH systems. A systematic model
should simultaneously put equal emphasis on both mechanical
and electrical dynamics of a PEH system. However, a theoretical model considering both distributed-parameter mechanical
structure and nonlinear power conversion circuit is unable to
be analytically solved. On the other hand, a prior study showed
that the joint numerical analysis using finite element method
and circuit simulator requires a lot of computational effort [34].
More rational solutions should take moderate simplifications on
both sides toward a balanced and efficient theoretical model.
Along with their proposal of the synchronized switch interface
circuits, Guyomar et al. [26] developed the in-phase analysis considering both the mechanical and electrical dynamics
under resonant frequency. Based on the energy relation, Shu
et al. [35], [36] later proposed an improved analysis, which
can also cover the off-resonant dynamics. Liang et al. [37]
considered the harmonic relation and proposed an equivalent
impedance model, which provides an equally accurate and more
intuitive way for power prediction and dynamics analysis. Yuan
et al. [38] proposed a semianalytical approach based on the
harmonic balance method to predict steady-state responses of
nonlinear piezoelectric mechanical systems. It should be noted
that, all these aforementioned analyses can only approximate the
fundamental harmonic dynamics. The effect of higher order harmonics, which might be introduced by either the nonharmonic
excitation or the nonlinear circuit components cannot be taken
into consideration. Badel et al. [39] modeled the operation of a
PEH system under pulse excitation. The model was still based
on the harmonic assumption within each vibration cycle. In
general, the existing electromechaincal dynamic models are neither precise nor efficient to predict the harvested power/energy
and describe the dynamics of PEH systems under nonharmonic
excitation conditions. Nevertheless, nonharmonic vibrations,
such as the stochastic vibration, band-limited vibration [40], and
impact [41], [42], are common forms of ambient vibrations. The
existing models are incompetent under these excitations.
Given this insufficiency, this article introduces a multiple
harmonics model for the PEH system analysis. It can be used
to not only predict the harvested power but also describe the
dynamics of a PEH system under different excitation cases,
such as harmonic, irregular, and bump vibration excitation. The
modeling and analysis are based on the extended impedance
method (EIM), which was proposed by Liang et al. [43] in the
design of the class-E power amplifier, one extensively studied
nonlinear circuit. EIM can properly model the steady-state behaviors of the periodically switching MOSFET, nonlinear diodes,
and some parasitic components [44]–[46]. The EIM provides an

Fig. 1.

Configuration of typical PEH systems.

efficient numeric harmonic analysis; therefore, it can be utilized
to analyze PEH systems using nonlinear circuit components.
The rest of this article is organized as follows. Section II
introduces the working principle of a PEH system as well as
its lumped-parameter model, equivalent circuit, and impedance
model. Section III proposes a multiple harmonics EIM model
for PEH system analysis. In Section IV, the proposed model
is validated by comparing the theoretical and experimental results under three representative vibration excitations. Finally,
Section V concludes this article.
II. PEH SYSTEM AND ELECTROMECHANICAL MODEL
Fig. 1 illustrates a typical minimum PEH system. The mechanical structure is composed of the vibrating base, a cantilever
beam, and an end mass, which can better transfer the ambient vibration to the electromechanical transducer. The cantilever beam
deforms under alternating base displacement y. The relative
displacement between the end mass and vibrating base is denoted as x. The piezoelectric patch acts as an electromechanical
transducer in the PEH system for converting mechanical energy
into electrical. The poling direction of the piezoelectric patch is
perpendicular to the structural surface; therefore, it is working
under the 3–1 mode. The SEH circuit serve as an interface circuit
for converting ac into dc and power the dc load.
A. Lumped-Parameter Model
Given that the first vibration mode is more dominated than the
other modes under low-frequency excitation, the PEH structure
can be modeled with its lumped-parameter equivalent [47].
Fig. 2 shows the lumped-parameter model of a PEH system.
The first-mode dynamics is summarized by its effective mass,
damping, and stiffness. According to Newton’s second law and
the coupling relation, the dynamics of the PEH system can be
described with the following differential equations:
⎧
⎨ −M ÿ(t) = M ẍ(t) + Dẋ(t) + (K + Kp )x(t) + αvp (t)
ih (t) = αẋ(t) − R1p vp (t)
⎩
vp (t) = Ae [ih (t)]
(1)
where M , D, K, represent the effective mass, damping, and
stiffness, respectively. The circuit is nonlinear for converting ac
input into dc output. The circuit dynamics is summarized by an
equivalent operator Ae . The mathematical relation is also illustrated in Fig. 2. The piezoelectric element is composed of four
essential components: the piezoelectric short-circuit stiffness
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Lumped-parameter model of a PEH system.

Kp , an ideal electromechanical transducer with a force-voltage
factor α, the clamped capacitance Cp , and a leakage resistance
Rp . In electrical part emphasized studies, the current source or
decoupled assumption is usually taken, i.e., only the dynamics
of the components to the right of the equivalent current source
ieq are taken in to consideration. −M ÿ(t) is the inertial force
applied by the base excitation, which was assumed harmonic
in the previous impedance model. To be more general, the
excitation can be in any different form, e.g., irregular, transient,
or random in practice. vp (t) and ih (t) are the voltage across and
current through the piezoelectric element, respectively.

Fig. 3.

Equivalent circuit of a PEH system.

B. Equivalent Circuit
To further uniform the dynamic representation of a PEH
system, the electromechanically coupled lumped model in Fig. 2
should be completely converted into either a mechanical or
electrical representation [48]. Comparing with the mechanical
lumped components, the electrical part of a PEH device is more
complex to be explicitly model with equivalent mechanical
components because of its nonlinearity. Therefore, it is more
convenient to convert the mechanical part into electrical equivalent according to the electromechanical analogy as follows:
M
ÿ(t).
α

(2)

M
D
α
; R = 2; C =
.
2
α
α
K + Kp

(3)

ieq (t) = αẋ(t); veq (t) = −
L=

2

The equivalent current ieq , inductor L, resistor R, capacitor Cstruc
and CKp , are analogous to the relative velocity ẋ, effective mass
M , damping D, beam stiffness K, and piezoelectric short-circuit
stiffness Kp , respectively.
With this dynamic analogy, the PEH systems governing equations can be rearranged and combined into a single equation as
follows:
 t
dieq (t)
+ Rieq (t) + C
veq (t) = L
ieq (τ )dτ
dt
0


vp (t)
+ Ae ieq (t) −
.
(4)
Rp
According to the uniform governing equation in (4), the equivalent circuit of a PEH system can be drawn in Fig. 3.
C. Single-Harmonic Impedance Model (SIM)
In circuit analysis, the concept of impedance is used for linear
ac circuits to show the magnitude and phase relation between

Fig. 4. Single-harmonic equivalent impedance model of a PEH
system.

voltage and current at steady state. For the system shown in
Fig. 3 where nonlinear components exist in the ac–dc conversion,
strictly speaking, its dynamic cannot be described with the
conventional impedance concept. In order to analyze the power
output, Liang and Liao [37] derived the equivalent impedance of
a PEH system by abstracting its dynamics with its fundamental
harmonic. The equivalent impedance model is based on the
assumption that the influence of high-order harmonics, which is
caused by the nonlinear components, is much smaller than that
of the fundamental harmonic. In addition, the effects of energy
dissipation and harvesting can be distinguished according to the
energy flow analysis [49].
Based on the equivalent impedance model, we can express (4)
in frequency domain as follows:

Ze Rp
1
+
(5)
Veq = Ieq jωL + R +
jωC
Ze + Rp
where Ze is the frequency expression of the time-domain operator Ae . Ze summarizes the equivalent impedance of the
combination of Cp and interface circuit, as shown in Fig. 4.
It can be further divided into three effective components in
series: vibratory component XE , harvesting component Rh ,
and dissipative component Rd . With the SIM, it is sufficient
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to figure out the power flow components under steady-state
harmonic excitation, such as harvested power Ph , dissipative
power Pd . However, the dynamics under nonharmonic base
excitation cannot be figured out based on this single-harmonic
approximation.
III. EIM-BASED MULTIPLE-HARMONICS MODEL
The SIM introduced in Section II-C and [37] is based on
single-harmonic approximation. Power estimation can be only
carried out under harmonic excitation. In particular, for weakly
or moderately coupled system, the high-order harmonics introduced by the power conditioning circuit have relatively small
influence; therefore, they can be neglected. However, actual
environmental vibrations are more likely to be generally periodic
or impulsive, all of which introduce high-order harmonics to the
systems. On the other hand, the nonlinearity of ac–dc conversion
circuit inevitably introduces high-order harmonics to the system
as well. In order to comprehensively analyze the harvested power
and dynamics of a PEH system, multiple-harmonics model is
a competent choice. Any waveform can be fitted with a specific combination of multiple harmonics. There were several
multiple-harmonics method proposed previously. Among these
methods, the EIM is one of the most intuitive and effective
ones [43].

coefficient for periodic function, the convolution is specified as
a convolution sum
∞

Vk =

where k denotes the harmonics order. Equation
alternatively expressed in vector and matrix form
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r(t) =

nT ≤ t < nT + TD ,
Ron ,
Roff , nT + TD ≤ t < (n + 1)T,

n∈N

(6)

where T is the vibration period, TD is the on-state interval. At
every instant, the switching components show a resistive feature;
therefore, applying the Ohm’s law along with time, we can have
the following relation:
v(t) = r(t)i(t).

(7)

Since multiplication in the time domain corresponds to convolution in the frequency domain, the relation given by (7) can
be transformed into a frequency-domain convolution, i.e.,
V (jω) = R(j ω) ∗ I (jω)

(8)

where V (jω), R(jω), and I(jω) are the Fourier transforms
of v(t), r(t), and i(t) in (7), respectively. Using the Fourier

(9)
(9) can be
⎤

⎡ ⎤
.
⎥ ..
⎢ ⎥
.. ⎥
⎢ ⎥
.⎥
⎥ ⎢I−k ⎥
⎢ . ⎥
.. ⎥
⎢ ⎥
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.. ⎥ ⎢
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.⎥ ⎢ ⎥
⎥⎢ ⎥
⎢I ⎥
.. ⎥
. ⎥ ⎣ .k ⎦
⎦ .
.
..
.
(10)

..

.

Assuming that there is a critical harmonic number K, beyond
which the high-order harmonics have little influence to the
system, (10) can be truncated into vector and matrix form, i.e.,

A. Extended Impedance Model
EIM was proposed to uniform the dynamic expression of both
linear and nonlinear elements. Compared with other multipleharmonics analysis such as harmonic balance method [50],
EIM provides an intuitive expression for the nonlinear components [43].
1) Linear Time-Varying (LTV) Components: Diodes and
transistors are two commonly used nonlinear components for
PEH power conditioning. In some of the previous studies, these
switching components were regarded as LTV components. Their
ON/OFF state is presumed in theoretical analysis. For a presuming
time-switching diode, we can use Ron and Roff to represent
the resistances in its ON/OFF state, respectively, such that its
time-varying characteristic can be explained with a piecewise
equation as follows:

Rk−n In
n=−∞

V = ZI

(11)

V = [V−K · · · V−1 V0 V1 · · · VK ]T

(12)

I = [I−K · · · I−1 I0 I1 · · · IK ]T
⎡
⎤
R0
· · · R−K · · · R−2˜K
⎢ .
..
.. ⎥
..
..
⎢ ..
.
.
.
. ⎥
⎢
⎥
⎢
⎥
Z = ⎢ RK · · ·
R0
···
R−K ⎥ .
⎢
⎥
..
.. ⎥
⎢ ..
..
..
.
.
⎣ .
.
. ⎦
R0
R2˜K · · · RK · · ·

(13)

where

(14)

V and I are (2K + 1) × 1 vectors. Z is a (2K + 1)2 matrix, which is defined as the extended impedance matrix of
a diode [44]. Each entry in the matrix is a complex number
corresponding to the a Fourier coefficient of r(t). Equation (11)
summarizes the Ohm’s Law of time-varying components. The
conventional circuit laws are applicable to those components.
2) Linear Time-Invariant (LTI) Components: The LTI components are those can be expressed with conventional impedance
or admittance, in terms of complex numbers. They can
be regarded as special cases of LTV components. The
impedance/admittance matrices of LTI components are diagonal. For example, for a capacitive component, we have
Yc = jω0 C diag(−K · · · − 1 ε 1 · · · K)

(15)

where Yc is the extended admittance matrix of capacitance C.
In (15), ε is an infinitesimal number in place of zero, in order to
avoid the singularity in matrix manipulations.
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Fig. 6. Equivalent extended impedance model of a PEH system using
SEH interface circuit.
Fig. 5.

EIM flowchart.

3) Nonlinear Components: A switching component can be
modeled as an LTV component, when the on/off instants are
known in advance. However, in a general diode circuit, the
ON/OFF state in unknown prior to the circuit operation. The
time-varying model is incompetent for describing such a statedependent characteristic. Nonlinearity should be taken into consideration.
According to the Shockley equation, the resistance of a diode
in the time domain can be expressed with the nonlinear relation
as follows:

rd (t) =

vd (t)
vd (t)

(16)

Is [e nVT − 1]

where Is is the saturation current; VT is the thermal voltage; n
is the ideal factor. The resistance rd is a function of the forward
voltage vd (t). Given a specific vd (t) as a function of time, the
diode resistance rd can be mapped from vd to t as a function
of time. This process is called state-to-time mapping [44]. With
such a mapping, the nonlinear dynamics is transformed into an
LTV one in each round of iterative calculation. The flowchart
of EIM considering all LTI, LTV, and nonlinear components is
shown in Fig. 5. Iterations are needed for updating the impedance
expression of nonlinear components until the simulation tolerance is satisfied.
B. Circuit Description
Based on EIM, the equivalent circuit in Fig. 3 can be alternatively derived into a multiple-harmonics extended impedance
model, as shown in Fig. 6. The four diodes in the bridge rectifier
are replaced with four nonlinear resistances, whose impedance
expressions can be solved through iterative calculation. The
first round iteration starts from zero-voltage conditions, i.e.,
(0)
(0)
(0)
vp (t) = v1 (t) = v2 (t) = 0. The superscript in parenthesis
⎡

⎤ ⎡
Vp (n+1)
Yp (n)
⎢ (n+1) ⎥ ⎢
⎣ V1
⎦ = ⎣−Yd1 (n)
(n+1)
V2
−Yd2 (n)

−Yd1 (n)
Yd1 (n) + Yd3 (n) +Yload
−Yload

denotes the round of iteration. The state-to-time mapping step
is essential for getting the LTV equivalent of a nonlinear component in each round of iteration.
Given the convenience offered by EIM, the impedance network can be formulated with the conventional nodal analysis in
the frequency domain. The EIM-based constitutive equation of
the PEH system is formulated and shown in (17) shown at the
bottom of the page, in which
Yp (n) = YRLC +YCp +YRp + Yd1 (n) +Yd2 (n)
YRLC = (ZR + ZL + ZC )−1

(18)
(19)

Yload = YRL + YCr .

(20)

The vectors Vp , V1 , and V2 correspond to the voltages of the
corresponding three nodes in the circuit. The vector Veq is the
frequency-domain expression of the equivalent voltage source.
For example, if the equivalent voltage is a pure harmonic, i.e.,
veq = Veq sin (ω0 t), Veq has the following form:
· · 0 j 0 −j 0 ·
· · 0 ]T
Veq = πVeq [ 0 ·
2K−1

(21)

2K−1

where ω0 is the excitation angular frequency. If it is not a pure
harmonic, there are more nonzero terms in (21).
Iterations continue until the result satisfies the relative simulation tolerance δ, i.e.,



 (n+1)
− Vp (n) 
Vp


< δ.
(22)
 (n+1) 
Vp

If the relative error is larger than the target tolerance after
one round of calculation, we transform the frequency-domain
state variables into their time-domain expressions with inverse
Fourier transform and update the state according to the timedomain relation, as shown by (16) for a diode, such that to start
a new round of iterative calculation.

Yload

⎤
⎤−1 ⎡
−Yd2 (n)
YRLC Veq (n)
⎥
⎥ ⎢
−Yload
0
⎦.
⎦ ⎣
+ Yd2 (n) +Yd4 (n)
0
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Experimental setup.

When the tolerance is met, steady-state results can be exported. The power consumed by each component can be calculated directly in frequency domain. For example, the harvested
power, which is consumed by the dc load resistor RL can be
formulated as follows:
Ph = (V1 − V2 )T YRL (V1 − V2 ).

Fig. 8. Measured data and fitted curves for internal impedance
identification.

TABLE I
SYSTEM PARAMETERS

(23)

The voltage and current waveform can be obtained by taking the
inverse Fourier transform.
IV. EXPERIMENT
The multiple-harmonics EIM model can be used to study
the PEH dynamics under any excitation. Three representative
vibrations including harmonic, bump, and irregular were applied
to a base-excited PEH system for validating this EIM-based
model on both power prediction and dynamic description.
A. Setup
The experimental setup is shown in Fig. 7. The PEH harvester
is excited by a vibration exciter (SPEKTRA APS420), which can
generate different types of base vibrations. The main structure
of the energy harvester is a copper cantilever. A piezoelectric
patch (50 mm × 7 mm × 1 mm) is bonded near its fixed end. The
internal impedance of the piezoelectric structure is measured by
an impedance analyzer (Analogy Discovery 2, Digilent Co.).
We clamp the base, apply a frequency-sweeping voltage to
the piezoelectric transducer, measure the corresponding current
through the transducer, such that the impedance magnitude and
phase information can be obtained, as shown by the discrete
markers in Fig. 8. Based on this information and the Van Dyke’s
model, a continuous curve is fitted by tuning the five internal
parameters with the least square method. The fitted curve and
five identified parameter values are also shown in Fig. 8. Under
harmonic base excitation, given that the open-circuit voltage
magnitude is Voc , the magnitude of equivalent voltage source
Veq can be derived as follows:


R + j(XL + XC ) + (Rp jXC )
p
Voc .
(24)
Veq =
|Rp jXCp |

Combining (2), (3), and (24), the value of force-voltage factor
α can be obtained.
Table I summarizes the parameters in the experimental setup
and EIM numeric analysis. N is set as the maximum iteration
number. If the relative error does not converge within δ after N
rounds of iterations, the iteration stops to avoid an endless loop.
B. Evaluation Under Harmonic Excitation
The resonant frequency of the PEH structure is around
27.8 Hz. Given a 27.8 Hz and 2 m/s2 (peak) harmonic base
excitation as illustrated in Fig. 9(a), the harvested power under
different dc load resistance RL is studied both theoretically
and experimentally. With EIM, the harvested power can be
theoretically calculated according to (23) in frequency domain.
Different from the power estimation obtained with SIM, this
estimated harvested power includes those associated with higher
order harmonics. The harvested power in experiment Ph,exp is
regarded as the dc power consumed by RL , i.e.,
Ph,exp =

2
Vo,rms
RL

(25)

where Vo = V1 − V2 is the output voltage. The theoretical harvested power obtained by EIM, conventional SIM, and experiment are shown in Fig. 10(a). Besides, the multiple-harmonics
model can give a more precise estimation about the conduction
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Fig. 9. Results under harmonic excitation (RL = 30 kΩ). (a) Base acceleration. (b) Charging curve (theory). (c) Charging curve (experiment).
(d) Beam deflection (theory).

Fig. 10. Harvested power or energy under different excitation conditions. (a) Harvested power under harmonic excitation. (b) Harvested power
under irregular excitation. (c) Harvested energy under bump excitation (Rl = ∞).

dissipation in diodes according to the more precise Shockley model. Multiple harmonic analysis is a frequency-domain
method. It usually gives steady-state results. In this study, in
order to show the transient charging process, we add an extra
low-speed switch S in parallel to the load, as shown in Fig. 3. The
switching period is set to be much larger than the vibration cycle.
It produces a short-circuit for discharging the storage capacitor
periodically, i.e., resetting the initial charge of Cr . This transient
switch can be modeled as an LTV resistance as follows:
rts (t) =

0.1 Ω,
10 GΩ,

nTs ≤ t < nTs + 3 ms
nTs + 3 ms ≤ t < (n + 1)Ts

(26)

where Ts is the switching period of the transient switch, which
can be set according to the observation range. rts can be modeled
with EIM, as shown in Fig. 6. Owing to this periodic extension,
the charging curve in the long period Ts can be numerically
solved, as shown in Fig. 9(b). The experimental charging curve is
also provided in Fig. 9(c) for comparison. It can be observed that
the theory matches experiment quite well, in terms of both the
trend and magnitude of the charging waveform. The mechanical
dynamics such as the beam deflection can also be numerically
obtained by using EIM and according to the electromechanical
analogy in (2), as shown in Fig. 9(d).

C. Evaluation Under Irregular Excitation
Irregular excitations are more commonly seen than harmonic
excitation in real-world scenarios. The excitation differences
will affect the analysis of the whole system, including the
piezoelectric voltage waveform, harvested power, etc. Fig. 11
shows an irregular acceleration whose period is 1 s, as well as
the harvested power and dynamics under this excitation. Unlike
harmonic vibration, the real vibration may contain more than
one frequency components. High-order components also have
dynamic effect on a PEH system. The single-harmonic analysis
is not capable to sufficiently show the dynamic picture in this
case. From Figs. 10(b) and 11(b) and (c), we can see, by using
the EIM-based multiple-harmonics analysis, the theoretical and
experimental results on both harvested power and charging curve
look quite consistent. When irregular excitation is applied, the
conventional SIM needs to extract the component near resonance, then carry out SIM. The energy associated with higher order component, although much less then than main component,
is neglected. Moreover, as shown in Fig. 11(d), the beam deflection x(t) under irregular excitation can be only described by
using EIM. The input acceleration and output piezoelectric voltage spectra are shown in Fig. 12. It proves that those frequency
components, besides the main one, may also influence vp and,
therefore, harvested power. It should be also pointed out that, the
irregular excitation considered here is not random or stochastic

Authorized licensed use limited to: ShanghaiTech University. Downloaded on May 13,2022 at 00:22:04 UTC from IEEE Xplore. Restrictions apply.

1192

IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 27, NO. 2, APRIL 2022

Fig. 11. Results under irregular excitation (RL = 30 kΩ). (a) Base acceleration (blue dashed curve is the component nearest to the resonant
frequency). (b) Charging curve (theory). (c) Charging curve (experiment). (d) Beam deflection (theory).

E. Power/Energy Flow Analysis

Fig. 12. Input and output spectrum of irregular excitation used in
experiment. (a) Acceleration spectrum. (b) Piezoelectric voltage vp
spectrum.

excitation. It should be deterministic, e.g., some recorded machine vibration. EIM cannot handle random excitation at this
stage.
D. Evaluation Under Bump Excitation
Impulsive vibration is also commonly found in real-world
scenarios. In this case, we study the performance of the same
PEH system under a bump (soft impact) excitation. Badel et
al. [39] proposed a recurrence method for studying the PEH
performance under pulsed operation. In their paper, the displacement is assumed sinusoidal during each semipseudoperiod, such
that the harvested energy in each cycle can be calculated using
the conventional steady-state method. However, such an analysis
is only valid when the system damping is small enough. Large
damping violates the pseudoperiod assumption. On the other
hand, there is no such a constraint for the EIM-based analysis.
In experiment and numeric simulation, the bump excitation is
generated with a bell function, whose displacement is shown
in Fig. 13(a). Because it is not a continuous vibration, the
harvesting performance is evaluated with the harvested energy, rather than harvested power as the previous two cases
did. Fig. 10(c) summarized the harvested energy of one shock
when using different storage capacitance Cr . There exists an
optimal Cr around 2 μF. The theoretical and experimental
charging curve under bump excitation are obtained when the
long period Ts is set to 1.4 s, which is long enough to get
a stabilized voltage on Cr . The theoretical results shown in
Fig. 13(b) are in good agreement with the experimental one
in Fig. 13(c). The decaying envelop shown in Fig. 13(d) demonstrates the under damped vibration of this PEH system after the
bump.

The energy flow chart of PEH systems was clarified by Liang
and Liao [49]. As shown in Fig. 14(a), the energy flow chart
illustrates the power/energy paths in a general vibration EH
system. The ambient vibration source, which is equivalently
taken as the voltage source veq in the equivalent circuit, injects
power into the PEH system (path A). Parts of the vibratory
power will return to the environment in two ways: one is thermal
dissipation (paths C and G); the other is reactive power (path
M ). A piezoelectric transducer converts the mechanical energy
into electrical through path F . A part of electric energy might
go back to the mechanical domain due to the nonunity power
factor. Such a reactive power is denoted as path J. The targeted
branch of optimization in PEH is the harvested power, which is
denoted as path I.
The energy flow chart gives qualitative understanding about
the energy composition within the PEH systems. The multipleharmonic EIM model introduced in this article helps quantify
each energy branches. Fig. 14(b) and (c) illustrates the power
composition among different branches under different loading
conditions, when harmonic excitation or irregular excitation
are applied, respectively. A PEH system can only transfer a
part of the power from the ambient vibration source (PA ) to
the electrical domain (PF ). Under harmonic base excitation,
the mechanical dissipation caused by the damping effect (PC )
dominates in the total extracted power. Only a small portion
of extracted power is converted into electrical (PF ), when the
load resistance is small. When the load resistance increases, the
PF begins to rise; the energy returns from electrical domain to
mechanical (PJ ) rises as well. In the meanwhile, the mechanical
dissipation (PC ) and the total input power PA drop. Other than
the other power portions, which are either monotonically rise or
fall along with the load resistance RL increase, the harvested
power (PI ) rises first and falls at large RL region. Such a
power/energy flow picture gives comprehensive insight on the
power details of a PEH system.
In the power flow chart under irregular excitation, as shown
in Fig. 14(c), PM , PF , PI , PJ , and PG have the similar trends
as the those under harmonic excitation. On the other hand, the
input power PA and mechanical dissipation PC show different
rising/falling trends. The harvested power (PI ) also peaks at a
specific load area.

Authorized licensed use limited to: ShanghaiTech University. Downloaded on May 13,2022 at 00:22:04 UTC from IEEE Xplore. Restrictions apply.

GAO et al.: MULTIPLE HARMONICS EXTENDED IMPEDANCE MODEL OF PEH SYSTEMS

1193

Fig. 13. Results under bump excitation (RL = ∞). (a) Base displacement. (b) Charging curve (theory). (c) Charging curve (experiment).
(d) Beam deflection (theory).

Fig. 14. Power/energy flow pictures. (a) Energy flow chart. (b) Power flow under harmonic excitation. (c) Power flow under irregular excitation.
(d) Energy flow under bump excitation.

For the bump excitation, where energy rather than power is
of concern, we should draw the energy flow picture. Fig. 14(d)
shows the time-evolving energy flow picture under bump excitation. The energy compositions include input energy, mechanical
kinetic energy, mechanical potential energy, harvested energy,
and dissipated (thermal) energy. During the bump (0 to 60 ms),
all energy portions start to increase. After the bump, the total
energy input keeps constant at about 0.86 mJ, which is the
sum of the other four parts. As time goes by, the mechanical
potential (orange) and kinetic (yellow) portions gradually decay.
A large portion of input energy is transformed into thermal
(cyan) due to the mechanical and electrical dissipation. Only a
small portion (purple) of energy is harvested in this PEH system.
These power/energy qualitative and quantitative analysis help
understand and optimize the performance of the PEH systems.
V. CONCLUSION
Real-world vibrations are diverse and usually more complicated than pure harmonics. The single-harmonic equivalent
impedance approximation has difficulty in modeling PEH systems using nonlinear interface circuit under complicated vibration excitations. The EIM offers an intuitive multiple-harmonics
solution for the power and dynamics analysis of these systems.
Owing to the convenience of EIM, in this article, we developed
a multiple-harmonics model for a PEH system using the bridge
rectifier SEH interface circuit. Experiments were carried out to
validate the EIM-based analysis under different base excitations,
such as harmonic, irregular, and bump vibrations. For the periodically excited cases, both the harvested power curve, energy flow

curve, and charging curve can be conveniently generated with the
EIM numeric solution. For the bump case, the harvested energy
curve and charging curve under different storage capacitance
are able to be efficiently generated as well. The experimental
results show good agreement with the theoretical predictions.
The EIM-based multiple harmonics analysis provides an efficient and accurate theoretical tool for the dynamics analysis and
power/energy optimization of PEH systems.
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