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Abstract—This article explores the unification and simplification
of the small-signal model for representative inductive power trans-
fer systems. Various famous compensations are included, such as
the S–S, LCC–S, and LCC–LCC. Through system decomposition,
the uniform model concept is applied to the inverter, rectifier, and
resonant tank. Meanwhile, the model complexity and similarity
are discussed for various resonant tanks, and proper simplification
is used to reduce the model order. The uniform equivalent circuit
model is finally proposed for the target systems, based on which the
explicit transfer function can be represented by a general polyno-
mial equation. The model order of the S–S, LCC–S, and LCC–LCC
systems are five, two, and five, respectively. The experiment shows
the model is accurate up to one-fifth of the switching frequency for
all the target systems.

Index Terms—Inductive power transfer (IPT), model
simplification, uniform small-signal model.

I. INTRODUCTION

INDUCTIVE power transfer (IPT) has been dramatically
developed in the recent years. A practical system would

employ a customized coupler to enhance the effective coupling
for target moving freedom [1], [2], [3], and then various passive
high-order compensations are introduced to achieve several
design objectives, such as circulating energy minimization, load-
independent output, and coupling insensitive resonance [4], [5],
[6], [7]. Meanwhile, the active circuits (such as the inverter,
rectifier, or dc–dc converters) are required to change the form
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of power and offer control freedoms [8], [9], [10]. Currently,
the prior efforts on IPT research contribute to the popularity
of IPT in the commercial market [11], [12]. Most IPT systems
are essentially resonant dc–dc converters, which are desired to
provide stable output with the help of proper control. Currently,
a feedback-based linear controller is still widely adopted for
commercial dc–dc converters, and the controller design is highly
dependent on the small-signal model of the converters.

In the power conversion area, small-signal modeling for the
dc–dc converters is a classical topic, and has been broadly
studied in the last decades. Generally, there are two types of
dc–dc converters, i.e., pulsewidth modulation (PWM) converters
and resonant converters. For the PWM converter, the average
concept is used for the analysis of steady state and dynamic
characteristics [13]. However, this concept would fail for the
resonant converters (such as the IPT systems), in which the
switching frequency components are dominant instead of the dc
components. In order to address these issues, the resonant con-
verter model would apply the data sample approach, extended
describe function (EDF), and generalized state-space averag-
ing [14], [15], [16], [17]. It is appealing to have a model with high
accuracy, simple representation, and clear physical meaning,
which makes the feedback design much more straightforward.

In the past years, the modeling approaches for resonant con-
verters have been successfully extended to IPT systems [18],
[19], [20], [21], [22], [23], [24], [25], [26], [27]. Since the IPT
systems usually employ high-order compensations (such as S–S,
LCL-S, LCC–S, and LCC–LCC) to improve the steady-state
performance, the increased circuit order from the compensation
would complicate the small-signal model. For example, by
merely using the fundamental harmonic analysis (FHA), the
simplest S–S compensated IPT system has a ninth-order model
in [18], and the model order of an LCC–LCC compensated
system would increase to 17 [28]. These two examples clearly
show the increased model complexity due to the higher com-
pensations. However, when the model order exceeds five, it is
challenging to derive the explicit transfer function. Therefore,
it is necessary to simplify the original model while maintaining
the sufficient accuracy.

The model simplification potential of an IPT system is deter-
mined by its nature frequency response. In the low-frequency
range, the measured frequency response in [18], [19], and [20]
shows the low-order characteristics of an S–S system, which
justifies its possibility for simplification. Based on the capacitor
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TABLE I
COMPARISON OF DIFFERENT PAPERS

model simplification of [29], the order of an S–S compensated
system can be effectively reduced from nine to five in [30]. A dq
synchronous reference frame model is used in [31] to derive a
fourth-order model. Similarly, when the liner approximation is
applied for the capacitor model, a 13th-order LCL-S IPT excited
synchronous machines system is represented by a ninth-order
model [25]. In [19], a second-order model is able to approxi-
mate the original 11th-order system for LCL-S compensation.
However, this simplification is based on numerical curve fitting
and the model parameter would lose physical meaning. This
article tries to focus on three representative compensations, i.e.,
S–S, LCC–S, and LCC–LCC. Note that an LCL-S system is a
special an LCC–S system and will not be evaluated individually.
A critical comparison for the abovementioned compensations is
given in Table I. The limitations are clear:

1) not all small-signal behaviors are studied, including the
input to output transfer function, input impedance, and
output impedance;

2) each paper only focuses on a specific topology and it lacks
of general comparison;

3) the order of several models is still too high and not con-
venient for practical use;

4) the model of LCC–S compensation has not been dis-
cussed;

5) some models do not consider the rectifier;
6) the parameter variation effects are not discussed.
This article is devoted to a uniform approach for small-signal

modeling and simplification of several representative IPT sys-
tems, which may employ the famous S–S, LCC–S, and LCC–
LCC compensations. For this purpose, the similarities of various
IPT systems have to be fully utilized and a general system is de-
composed into inverter, resonant tank, and rectifier. Based on the
FHA, various IPT systems would use a uniform inverter model.
The uniform small-signal model of the rectifier is explored based
on the terminal phase difference, and the model parameters are
shown to be phase dependent. For the resonant tank, besides the
FHA and capacitor model simplification, a novel simplification
based on the induced voltage source model are proposed to
simplify the resonant tank, and this approach would clearly show
the model simplification potential for various compensations.
Finally, the equivalent circuit model of a specific IPT topology
is synthesized by the models of corresponding inverter, resonant
tank, and rectifier. Based on these small-signal circuit models,
all the small-signal behaviors can well study for all the target
IPT systems. Finally, the input to output transfer function are
studied and analytically derived from the small-signal point of
view. As shown in Table I, the simplified model is able to cover

Fig. 1. System decomposition of a general IPT system.

TABLE II
RESONANCE CONDITION

representative IPT systems, and it has clear circuit meaning and
explicit math representation.

II. UNIFORM MODEL OF ACTIVE CIRCUITS

A. System Decomposition

A general IPT system is shown in Fig. 1. Although various
compensations have been developed, such as S–S, LCC–S,
and LCC–LCC, all these systems can be decomposed into the
following three parts, i.e., an inverter, a high-order resonant tank,
and a rectifier. From the model point of view, the major difference
of these systems is the order of the middle resonant tank. Among
these tanks,Ltx andLrx represent the coupling coils, andM is the
mutual inductance. All the other components, includingCtx,L1,
C1,Crx,L2, andC2, need to be properly designed for resonance.
When the switching frequency is fs (=ωs/2π), the well-known
resonance conditions are given in Table II.

This article is devoted to developing a uniform modeling
approach for the abovementioned three systems. Instead of
modeling each converter from overall perspective, this article
would try to explore the system similarities from subcircuit point
of view. Using the common configuration of Fig. 1, vin, vab,
vcd, and vo represent the inverter input voltage, inverter output
voltage, rectifier input voltage, and rectifier output voltage. This
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Fig. 2. Typical terminal waveform of the resonant tank.

Fig. 3. Uniform small-signal model of the full-bridge inverter.

section would focus on the uniform model of the active inverter
and rectifier.

B. Small-Signal Model of Inverter

In such a high-order system, the active bridge topology is
widely accepted for both the inverter and rectifier. Since the
small-signal model need to consider all the low-frequency com-
ponents, a reference needs to be set at first. As shown in Fig. 2,
the inverter output serves as the reference, and its fundamental
voltage vab,f has zero phase. Under steady state,φ is the phase of
vcd,f (i.e., the fundamental of vcd). If an active rectifier is used,
φ is controlled by the RX gate signals. When diode rectifiers are
employed, φ only depends on the compensation.

No matter what compensation is applied, the model of the
inverter is exactly the same if it is set as the reference. As
shown in Fig. 3, the inverter terminal state variables include
the input voltage vin, input current iin, output voltage vab, and
output current iab. For any time-variant state variable v, V is the
magnitude of v, V̄ is the average of V (not v), and v̂ is the pertur-
bation of V . Following this definition, it has Vab = V̄ab + v̂ab,
Vin = V̄in + v̂in, Iab = Īab + îab, and Iin = Īin + îin. According
to the EDF method in [16], the small-signal circuit model for
the inverter is reviewed in Fig. 3. All the IPTs naturally share a
uniform inverter model.

C. Small-Signal Model of Rectifier

Although a rectifier is just the inversion of a inverter, the
model of the rectifier is not a simple duplication of Fig. 3.
When the inverter output is set as the reference, the phase
difference φ will affect the form of rectifier model, which shows
to be topology and control-signal dependent. By applying the
fundamental approximation, the input voltage and current of a

rectifier is separated in sine and cosine part (refer to Fig. 2),{
vcd≈Vcd sin(ωst+ φ)=Vcd,s sinωst+ Vcd,c cosωst
icd≈Icd sin(ωst+ φ)=Icd,s sinωst+ Icd,c cosωst

(1)

where {
Vcd,s = Vcd cosφ;Vcd,c = Vcd sinφ
Icd,s = Icd cosφ; Icd,c = Icd sinφ

. (2)

Since vcd depends on the polarity of icd, it has

vcd = sgn(Icd sin (ωst+ φ))Vo . (3)

The Fourier analysis is used to derive each component as fol-
lows:{

Vcd,s=
2
π

∫ π−φ
−φ Vo sinωstdωst=

4 cosφ
π Vo=

4Icd,s
πIcd

Vo

Vcd,c=
2
π

∫ π−φ
−φ Vo cosωstdωst=

4 sinφ
π Vo=

4Icd,c
πIcd

Vo

. (4)

Define the rectifier output current as ir = |icd|, its magnitude is
calculated by

Ir =
1

2π

∫ 2π

0

|Icd sinωst|dωst =
2

π

√
Icd,s

2 + Icd,c
2 . (5)

The output voltage Vo is derived by the rectifier output current

Vo = IrR =
2

π

√
Icd,s

2 + Icd,c
2R. (6)

Considering the perturbations, all the abovementioned state
variables are defined as⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Icd,s = Īcd,s + îcd,s
Icd,c = Īcd,c + îcd,c
Vcd,s = V̄cd,s + v̂cd,s
Vcd,c = V̄cd,c + v̂cd,c

Vo = V̄o + v̂o

. (7)

The small-signal variables in (7) are described by its Taylor
expansion ⎧⎨

⎩
v̂cd,s = Rsîcd,s +Hsv̂o +Hrsîcd,c
v̂cd,c = Rcîcd,c +Hcv̂o +Hrcîcd,s
îo = Hisîcd,s +Hicîcd,c

(8)

where ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Rs =
∂Vcd,s

∂Icd,s
;Hrs =

∂Vcd,s

∂Icd,c
;Hs =

∂Vcd,s

∂Vo

Rc =
∂Vcd,c

∂Icd,c
;Hrs =

∂Vcd,c

∂Icd,s
;Hc =

∂Vcd,c

∂Vo

His =
∂Io

∂Icd,s
;Hic =

∂Io
∂Vcd,c

. (9)

Note that Icd
2 = Icd,s

2 + Icd,c
2, the parameter in (9) is derived

as⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Rs=
4
π

Icd,c
2

(Icd,s2+Icd,c
2)

3
2
Vo;Rc=

4
π

Icd,s
2

(Icd,s2+Icd,c
2)

3
2
Vo

Hrs=Hrc=−4
π

Icd,cIcds

(Icd,s2+Icd,c
2)

3
2
Vo

Hs=
2
π

Icd,s√
Icd,s

2+Icd,c
2
;Hc=

2
π

Idc,c√
Icd,s

2+Icd,c
2

. (10)
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Fig. 4. Uniform small-signal model of the full-bridge rectifier.

TABLE III
MODEL PARAMETERS OF A FULL-BRIDGE DIODE RECTIFIER

Taking (2) and (6) into (10), the parameters are further repre-
sented as a function of φ and R⎧⎪⎪⎨

⎪⎪⎩
Rs =

8sin2φ
π2 R;Rc =

8cos2φ
π2 R

Hrs = Hrc = − 8 sinφ cosφ
π2 R

Hs =
2
π cosφ;Hc =

2
π sinφ

. (11)

Finally, the equivalent circuit model for the rectifier is shown in
Fig. 4. This uniform rectifier model is valid for all IPT systems.

When the diode rectifiers are used, the phase difference are de-
termined by the compensations. φ equal to π/2, 0, and −π/2 for
the S–S, LCC–S, and LCC–LCC compensation, respectively [6].
Taking these values into (11) would give model parameter as
shown in Table III. When active rectifiers are used, the phase
modulation could be applied to the RX side, and the correspond-
ing model parameters need to be changed accordingly.

III. UNIFORM MODEL OF RESONANT TANKS

A. Original Model of Various Tanks

In a high-order IPT system, although the middle resonant tank
of Fig. 1 would employ different compensations, they are all built
by three types of passive components, including the inductor,
capacitor, and coupler. The model of the whole resonant tank is
just a synthesis of the components’ models.

For any inductor current (iL), assume iL(t) = ILe
jωst and

IL = ĪL + îL. Its small-signal model is derived as

v̂L = L
dîL
dt

+ jωsLîL. (12)

This mathematical model also can be described by its equiva-
lent circuit model in Fig. 5(a). The coupler is another type of
inductive components, which can be viewed as a combination
of self-inductors and induced voltage source. The model of the
self-inductor would follow Fig. 5(a). The small-signal circuit
model for induced voltage source is similar to that of an inductor,
i.e., ⎧⎨

⎩
v̂tx = −M dîrx

dt − jωsMîrx

v̂rx = M dîtx
dt + jωsMîtx

(13)

Fig. 5. Small-signal model of various components. (a) Inductor. (b) Induced
voltage source. (c) Capacitor.

which is shown in Fig. 5(b).
Similar concept is applied to derive the small-signal model

for a capacitor

îC = C
dv̂C
dt

+ jωsCv̂C . (14)

As shown in Fig. 5(c), the original model for a capacitor contain
two parallel branches. This form will increase the order of a
resonant circuit. According to [29], the small-signal model for
capacitor can be simplified if the perturbation frequency (s) is
much smaller than the switching frequency ωs, i.e.,

v̂c

îc
= 1

sC+jωsC
=

1+j s
ωs

jωsC
(
1+ s2

ωs2

)

≈ 1+j s
ωs

jωsC
= 1

jωsC
+ s

ωs
2C

. (15)

The final capacitor model only includes two series components
in the right of Fig. 5(c). Using this model, when a capacitor is in
series with an inductor to form a resonant tank, the circuit order
is able to be reduced from small-signal perspective.

The small-signal model for the inductor, capacitor, and in-
duced voltage source have been given, and a proper combination
of these common parts would generate the corresponding model
for a target resonant tank. For example, the top circuit of Fig. 6(a)
give the equivalent small-signal model for S–S compensation.
Based on Fig. 5, the original Ltx and Ctx are merged into a single
inductor (i.e., the gray part, 2Ltx), so as for the RX side. Using
the same approaches, the resonant tank model for the other two
compensations are given in the top side of Fig. 6(b) and (c).

Before the model unification, it is necessary to explore the
similarities of the original models in Fig. 6. The top circuits of
Fig. 6(b) and (c) include one or two T-type network, and they can
be converted to the induced voltage source. The final equivalent
models are given in the bottom of Fig. 6. Note that S–S com-
pensation does not change. Here, Block I is mainly contributed
by the coupling coils. Block II and Block III are contributed by
the additional compensation components. Through this circuit
transformation, the difference of various tanks is the number of
the blocks.
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Fig. 6. Small-signal models for different resonant tanks. (a) S–S compensation. (b) LCC–S compensation. (c) LCC–LCC compensation.

Fig. 7. Uniform model of the resonant tank. (a) General two-port network.
(b) Equivalent circuit model.

B. Model Unification and Simplification

From the terminal point of view, all the resonant tanks can be
uniformly represented by Fig. 7(a), which includes a two-port
network and a output equivalent Leq. The blue part of Fig. 7(a)
is the cascaded connection of the blocks of Fig. 6 (i.e., the blue
parts). It is clear Leq = 2Lrx for S–S and LCC–S compensation,
and Leq = 2L2 for LCC–LCC compensation. The blue part of
Fig. 7(a) can also be derived by its ABCD matrix (defined as T ).
For any two-port network, once its ABCD matrix is given, it can
be equally represented by an induced source model in Fig. 7(b),
where ⎧⎪⎪⎨

⎪⎪⎩
g1 = g1 s + jg1c = 1/C
Z1 = R1 + jX1 = −D/C
g2 = g2 s + jg2c = A − BC/D
Z2 = R2 + jX2 = −B/D + sLeq

. (16)

Note that all the abovementioned parameters are complex num-
ber and are decomposed into two parts.

Currently, the model unification is finished for a general
resonant tank, and the next step is to derive the parameters in
(16) for different resonant tanks, which is mainly determined
by the two-port network of Fig. 7(a). For this purpose, it is
necessary to study the blocks of Fig. 6. Each block can also
be described by the famous ABCD matrix. In this article, the
ABCD matrix for the blocks I, II, and III are defined as T 1,T 2,
and T 3, respectively. The detail ABCD parameters are derived
based on the circuit of Fig. 6 and given in Table IV.

For the S–S compensation, it is clear that

T =T 1 =

[
0 (s+ jωs)M
−1/ (s+ jωs)M 2sLtx/ (s+ jωs)M

]
. (17)

TABLE IV
ABCD PARAMETERS OF DIFFERENT BLOCKS

There is no chance to simplifyT . For the LCC–S compensation,
it has

T = T 1T 2 =

⎡
⎣−M(s+jωs)

2

L1(s2+ωs
2)

2sM(s+jωs)
2

s2+ωs
2

−2 s
M(s2+ωs

2)
−L1(s−jωs)

2+4Ltxs
2

M(s2+ωs
2)

⎤
⎦

≈
[

M
L1

2sM
−2 s

ωs
2 M

L1

M

]
. (18)

The abovementioned approximation is valid when the perturba-
tion frequency is much smaller than the switching frequency,
i.e., |s| � ωs. The same simplification also happens for the
LCC–LCC compensation, i.e.,

T = T 3T 1T 2 ≈ T 3

[
M
L1

2sM

−2 s
ωs

2 M
L1

M

]

≈
⎡
⎣− 2sL2

ω2
s M (s− jωs)

L1

M (s− jωs)

− M
L1L2(s−jωs)

2s L1Lrx−M2

ML2(s−jωs)

⎤
⎦ . (19)

Taking the parameters of T into (16) would finally give the
model parameter for different resonant tanks. All detail param-
eter expression is given in Table V.

IV. UNIFORM MODEL OF OVERALL SYSTEM

A. Model Decomposition

The uniform models of the inverter, rectifier, and resonant
tank have been built in Figs. 3, 4, and 7(b). However, the overall
system model cannot be a direct cascaded connection of the three
parts. As shown in Fig. 4, the rectifier model actually contains
two orthogonal parts when the inverter phase is used as the
reference. Therefore, similar model decomposition (separated
into sine and cosine parts) should be carried out for the models
of the inverter and the resonant tank.
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TABLE V
MODEL PARAMETERS OF VARIOUS RESONANT TANKS

Fig. 8. Circuit component decomposition for the uniform model of resonant
tanks. (a) Complex impedance. (b) Complex source.

Generally, any voltage and current can be decomposed as{
v̂ = v̂s + jv̂c
î = îs + jîc

. (20)

Since the inverter is set as the reference, the sine part of inverter
is equal to v̂ab and the cosine part is zero, which is shown in the
gray part of Fig. 9.

For the resonant tank of Fig. 7(b), its parameters are all com-
plex numbers, which are given in Table V. From the circuit point
of view, any complex impedance could be separated into sine
part and cosine part as shown in Fig. 8(a), and this decomposition
is applied to Z1 and Z2 based on (20). Similarly, the induced
source of Fig. 7(b) is decomposed as shown in Fig. 8(b) based on
(20). Combining the results of Fig. 8(a) and (b) would generate
the decomposed model for the uniform resonant tank, which is
the green part of Fig. 9.

B. Model Synthesis

Using the decomposed model for the inverter, rectifier, and
resonant tank, a uniform system model is synthesized, as shown
in Fig. 9. The circuit model of the overall system also includes
two orthogonal parts, and the model parameters have been
derived in Tables III and V. Using this circuit model, all the
important small-signal characteristics can be derived, including

Fig. 9. Uniform model for the IPT system.

the input to output transfer function, the input impedance, and
the output impedance.

This article would use the input-to-output transfer function
(Gvv = v̂o/v̂in) as an example to justify the model accuracy.
The derivation only needs to get all the state equations and solve
the state variables in Fig. 9. Although the logic is simple, the
derivation is complicated and is not given for simplicity. Here
would directly give the final expressions as follows:

Gvv=

8
π2R [(Rx cosφ−X2 sinφ) g2 s+(Rx sinφ+X2 cosφ) g2c]

(1 +RCF s)
(
RxR2+X2

2
)
+ 8

π2RRx

(21)

where Rx = 8R/π2 +R2.
In summary, Fig. 9 gives the uniform small-signal circuit

model for all the target IPT systems. Using this circuit model,
Gvv is uniformly derived in (21). As shown in Tables III and V,
the model parameters are different for various IPT systems. In
theory, taking the specific parameters of Tables III and V into
(21) would help generate the final expressions, which means
Gvv, should be represented in terms of the parameter of the
original circuits, such as Ltx, Lrx, and M .

For better explanation, the IPT systems using bridge diode
rectifiers are used for simplicity. Under this scenario, φ equal to
π/2, 0 and −π/2 for S–S, LCC–S, and LCC–LCC compensa-
tion, respectively [7]. A general polynomial equation is used to
define Gvv as follows:

Gvv = Gdc
b2s

2 + b1s+ 1

a5s5 + a4s4 + a3s3 + a2s2 + a1s+ 1
. (22)
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where Gdc is the dc gain for this system. For each IPT system,
taking the parameters of Tables III and V into (21) would help
solve the coefficients of (22).

For the S–S compensation, the coefficients of (22) are given
in (23), which shows it is a fifth-order system. Usually, an
IPT system with more resonant components would naturally
have a higher order model. However, it is interesting to find
the order of an LCC–S system is reduced to two, as shown
in (24). This is due to simplification of (18), which means
two blocks in Fig. 6(b) provide the potential for order reduc-
tion. For an LCC–LCC system, similar simplification happens
in (19), and a final fifth-order model is derived, as shown
in (25).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a5 =
RCF (M2−4LtxLrx)

2

ωs
4M4

a4 =
(4LtxLrx−M2)(16LtxR

2CF+4π2LtxLrx−π2M2)
π2ωs

4 M

a3 =
32RLtx(4LtxLrx−M2)

π2ωs
4M4 +

2RCF (LtxLrx+M2)
ωs

2M2

a2 = 256Ltx
2R2

π4ωs
4M4 + 2 8R2CFLtx+4π2LtxLrx+π2M2

π2ωs
2M2

a1 = RCF + 32LtxR
π2ωs

2M2

b2 = M2+4LtxLrx
ωs

2M2

b1 = 16LtxR
π2ωs

2M2

Gdc =
8R

π2ωsM

. (23)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

a5 = a4 = a3 = b2 = b1 = 0

a2 = π2(L1Lrx+M2)CF

4L1

a1 = π2(L1Lrx+M2)
4RL1

Gdc = M/L1

. (24)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a5 =
RCF (4LrxL1+4M2−L1L2)

2

ωs
4L1L2

2

a4=
(π2L2(4L1Lrx+4M

2−L1L2)+16R2CF (L1Lrx+M
2))

π2ωs
4L1

2L2
3

× (
4L1Lrx+4M2−L1L2

)
a3 =

32R(M2+L1Lrx)(4L1Lrx+4M
2−L1L2)

π2ωs
4L1

2L2
3

+
2RCF (4L1Lrx+4M

2+L1L2)
ωs

2L1L2

a2 =
16R2(L1Lrx+M

2)(π2ω2L1L2
2CF+16(L1Lrx+M

2))
π4ω4L1

2L2
4

+
2(4LrxL1+4M

2+L1L2)
ωs

2L1L2

a1 = RCF +
32(L1Lrx+M2)R

π2ωs
2L1L2

2

b2 = 4L1Lrx+4M2+L1L2

ωs
2L1L2

b1 =
16(L1Lrx+M2)R

π2ωs
2L1L2

2

Gdc =
8MR

π2ωsL1L2
.

. (25)

TABLE VI
PARAMETERS OF (28)

TABLE VII
SYSTEM COMMON PARAMETERS

TABLE VIII
CIRCUIT PARAMETERS OF DIFFERENT COMPENSATIONS

Another effective math presentation for Fig. 9 is the general
state equation as follows:{

˙̂x = Ex̂+ F û
ŷ = Hx̂

(26)

where ŷ = v̂o and û = v̂in. The matrix (i.e., E, F , and H)
are given in (27) for the LCC–S system, which is a second-
order system. For the S–S and LCC–LCC systems, the matrix
parameters are similar and given as (28), shown at the bottom
of this page and Table VI

E =

[
0 − 2

π
L1

(L1Lrx+M2)
2

πCF
− 1

RCF

]

F =

[ 2
π

M
(L1Lrx+M2)

0

]
;H =

[
0 1

]
(27)

C. Influence of Coil Parameter Variation

The model parameters are all determined by the coil parame-
ters, i.e., Ltx, Lrx, and M . In practice, it is meaningful to discuss
the influence of coil parameter variation when the coupling
changes. A group of SIMPLIS-based simulations are used to
mimic the real-response variation. The simulation parameters
are shown in Tables VII and VIII. These parameters are extracted
from a real system and also used in the experiment.

In Fig. 10, there are five curves for all the target systems to
compare the real-parameter-based simulation and model-based
calculation. When the coils are well aligned, the maximum
coupling occurs and k = 0.38. Under this scenario, Curve A
for Gvv is obtained by simulation using the real parameters,
which is well matched to calculated Gvv of Curve B. In order
to study the influence of self-inductance, Curve C is obtained
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Fig. 10. Comparison between the calculation and simulation. (a) S–S. (b) LCC–S. (c) LCC–LCC.

by purposely changing the coil self-inductance by 10% in the
simulation. Note that most demonstrated systems would not see
such significant variation. The fabricated coupler of this article
only has a 0.2% variation for the worst case, and 10% here is
used for theoretical discussion. The consistence between Curve
A and C means the real-system response is not sensitive to the
self-inductance. Therefore, it is valid to treat the self-inductance
as a constant in the proposed model.

When the maximum allowed misalignment happens, k drops
to 0.11. In Fig. 10, Curve D is the real-parameter-based response
in the simulation. It is clear that Gvv depends on k. Therefore,
when applying the model, it has to consider the range of coupling
through the worst-case analysis. For example, the worst case for
the LCC–S system occurs at the minimum coupling condition
if a linear controller is designed for the magnitude modulation.
When taking the real coupling coefficient into the small-signal
model, the calculation of Curve E would still accurately predict
the system response.

V. EXPERIMENTAL VERIFICATION

A 100-kHz 20-W test platform is implemented, as shown in
Fig. 11. It includes all the required circuits of Fig. 1. For the
target three systems, they share the full-bridge inverter, two-coil
coupler, and full-bridge rectifier. The parameters of this common
part are given in Table VII. By changing the compensation,
this setup enables the small-signal measurement of Gvv, for
all the IPT systems, i.e., S–S, LCC–S, and LCC–LCC. The

Fig. 11. Experiment setup.

compensation parameters are given in Table VIII. During the
test, the input voltage is fixed at 24 V, and the transfer distance
and load resistance are fixed.

Under steady state, the terminal voltage and current of various
systems are measured in Fig. 12. The phase difference exists and
is used to obtain the model parameters of the rectifier. As shown
in Fig. 12, φ equal to 87.8◦,−2.2◦, and−93.6◦ for S–S, LCC–S,
and LCC–LCC, which are all close to their theoretical value. The
rectifier model parameters of the real systems are obtained by
substituting the phase difference φ into (11). For these systems,
the model parameters are almost the same as Table III, which
uses the theoretical φ. Therefore, there is no need to use the real
φ to modify the model parameters.

In this experiment, the Bode100 is used to measure the
small-signal transfer function Gvv. It uses PICOTEST J2120 A
Line Injector to add the small sinusoidal voltage perturbation in

E =
1

Leq1Leq2 −Meq
2

⎡
⎢⎢⎢⎢⎣

0 −ωsMeq
2 − 8

π2RMeq −ωsMeqLeq2 0
−ωsMeq

2 0 ωsMeqLeq2 0 − 4
πMeq sinφ

0 −ωsMeqLeq1 − 8
π2RLeq1 −ωsMeq

2 0
ωsLeq1Meq 0 ωsMeq

2 0 − 4
πLeq1 sinφ

0 0 0
2(Leq1Leq2−Meq

2)
πCF

sinφ −Leq1Leq2−Meq
2

RCF

⎤
⎥⎥⎥⎥⎦

F =
[

Leq2G

Leq1Leq2−Meq
2 0

MeqG

Leq1Leq2−Meq
2 0 0

]T
;H =

[
0 0 0 0 1

]
. (28)
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Fig. 12. Terminal waveform of the different systems. (a) S–S. (b) LCC–S. (c) LCC–LCC.

Fig. 13. Comparison between the calculation and experiment. (a) S–S. (b) LCC–S. (c) LCC–LCC.

various IPT systems. Then the input-to-output transfer function
is measured by Bode Analyzer Suite. The theoretical input-to-
output transfer functions are calculated by (22)–(25) based on the
real circuit parameters. The comparison between the calculation
and experiment is shown in Fig. 13 for different systems. When
the switching frequency is 100 kHz, the 1/2 fs frequency is
defined as the reference, and 1/5 fs frequency position is also
denoted. Usually there is no need to pursue the model accuracy
above the 1/2 fs, i.e., the gray area. A desirable model should
be simple and accurate to represent the low-frequency (below
1/2 fs) characteristics. As shown in Fig. 13(a), the fifth-order
model for the S–S compensation is accurate up to 1/2 fs. For
the LCC–S compensation, the simplification in (18) benefits the
order reduction and help generate a second-order model. Such
kind of simplification would also affect the model accuracy when
the frequency is above 1/5 fs. Similar conclusion is also valid
for the LCC–LCC system. For all these systems, the model
is accurate up to 1/5 fs, which is sufficient to describe the
system low-frequency behaviors. In the experiment, the coil
parameters are not sensitive to the coupling variation. When the
maximum allowed misalignment happens, the self-inductance
only changes by 0.2%, and k drops to 0.11. The proposed
model would use a constant self-inductance and consider the

varied k. In Fig. 13, the comparison between the experiment
and calculation is also given, which validates the model accuracy
under coupling variation.

VI. CONCLUSION

This article focuses on the uniform small-signal modeling of
three well-known IPT systems using different compensations,
i.e., S–S, LCC–S, and LCC–LCC. The EDF-based method is
introduced to model different parts of a decomposed system,
including the inverter, rectifier, and resonant tank. When the
inverter serves the reference, a uniform small-signal model is
proposed for the rectifier when considering the terminal phase
difference. The passive element of resonant tank is modeled from
the component perspective and then used to generate the model
for various tanks. With the help of circuit transformation, the
model difference of the resonant tanks is well studied, and the
model simplification is carried out through the ABCD matrix.
Finally, a uniform and simplified equivalent circuit model is
proposed for all the target systems. Using this circuit model,
the explicit transfer function can be analytically derived. The
experiment shows the model is at least accurate up to one-fifth
of the switching frequency.
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