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Abstract—Capacitive power transfer is promising for high-
efficiency wireless charging. A small-signal model is required to
evaluate the system stability under different control approaches.
This letter focuses on the modeling and simplification of the high-
order system using series compensation. Based on the extended
describing function method, this letter proposes a series of model
transformation and approximation to effectively reduce the circuit
order of the resonant tank. The number of resonant components is
reduced from ten to two. Combining with the inverter and rectifier
model, a third-order equivalent circuit model is first derived for
the whole system with clear physical meaning and explicit transfer
function. The experiment results show the model is accurate up to
1/5 of the switching frequency.

Index Terms—Capacitive power transfer, extended describing
function, series compensation, small signal model.

I. INTRODUCTION

APACITIVE power transfer (CPT) is promising for the

mid-range high-efficiency power transfer. Compared to
the inductive power transfer (IPT), a CPT system has several
unique benefits: such as no eddy-current loss for the surrounding
conductive objects and low cost for coupler fabrication. Cur-
rently, the main research focuses for CPT include the coupler
structure design, steady-state model, parameter design, compen-
sation network, and application-driven system solutions [1], [2],
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TABLE I
MODELING COMPARISON OF S-S WPT SYSTEMS
Compensation S-S IPT S-S CPT
Literature [8] 9] [10] [7]1 | This paper
Order of the model 4 4 5 5 3
Equivalent circuit model X v v v v
Explicit transfer function X X v X v

[3]. The active circuit (i.e., inverter or rectifier) and modulation
approaches of IPT systems are also applicable for the CPT
systems [4]. All these achievements are meaningful to optimize
the system steady-state performance.

As a typical dc/dc resonant converter, a CPT system also
incorporates a feedback control to stabilize the output. For
this purpose, small-signal models are indispensable for control
parameter optimization and stability analysis. In the past years,
the modeling approaches for resonant converters have been
successfully extended to IPT systems [5], [6]. Based on similar
fundamental assumptions, the major differences of these paper
are the topology, modulation approach, and the simplification
method. In theory, similar modeling concept and technique are
also valid for a CPT system. Based on the IPT model method
in [6], a fifth-order equivalent circuit model is developed for a
S-S compensated CPT system [7]. However, the explicit transfer
function is not given and there is no experimental verification.
A comparison of previous works about S-S WPT modeling is
given Table I. The model order is higher than three. There still
lacks a detailed discussion on the small-signal model for a S-S
CPT system.

This letter is devoted to the small-signal model of a S-S CPT
system based on extended describing function (EDF) method.
At the fixed resonant frequency, the S-S system is able to offer
a load-independent output current and achieve zero phase angle
operation. The modeling starts from a capacitive coupler using
induced current source (ICS) model, which is convenient to
absorb the additional shunt capacitors. The small-signal model
transformation between a capacitor and an inductor is proposed
for the simplification of both parallel and series branch. A novel
inductor-to-capacitor transformation is first used to simplify the
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Fig. 2.
model.

Resonant tank model. (a) Using six-capacitor model. (b) Using ICS

parallel branch. Through the proposed circuit transformation,
the number of resonant components is reduced from ten to two
from the small-signal perspective. Finally, the whole system
model is built by the circuit synthesis of the proposed tank
model and the models of inverter and rectifier. The proposed
model transformation and simplification concept are general and
particularly attractive for CPT systems, and they can be directly
applied for other CPT systems with different compensations.

II. EDF-BASED MODELING
A. Coupler Model Under Steady State

The CPT system configuration using SS compensation is
shown in Fig. 1. It usually includes an inverter, a middle res-
onant tank, and a rectifier. In the resonant tank, there are four
conductive plates (noted as a, b, ¢, and d) to build the capacitive
coupler, and two series inductors (i.e., L, and L, ) are added
for compensation. Two shunt capacitors C”, and C”,; are needed
to reduce the required compensation inductance.

The circuit model of the resonant tank is shown in Fig. 2(a).
There are six structure mutual capacitance, i.e., Cyp, Cegs Coc,
Cha, Caq, and Cp,, and four additional components, i.e., L;,,
L., C,, and C' ;. vap, vcp. iap, and icp represent the
terminal voltage and current of the resonant tank, ¢, represents
the output current of rectifier. It is challenging to directly build
the small signal model for this ten-components circuit.

The ICS model is proposed in [11] for steady-state analysis,
which would serve as the start point for the model simplification.
As shown in Fig. 2(b), all the middle eight capacitors are
equivalently represented by a pair of shunt capacitors (i.e., Cp1
and C)y2) and a pair of ICS (i.e., ¢, and 7,.,,). The final equivalent
shunt capacitors are derived as

Cpl _ Clb +C b+ (CactCad)X(Coe+Cha)
a a

CactCad+Che+Cha (1)
Coct+Che Coa+C
Cp2 _ Céd + Oy + (CactChe)x(Caat+Cra)

CoctCadtCret+Cha
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Fig. 3. Small-signal model transformation between a capacitor and inductor.
(a) From inductor to capacitor. (b) From capacitor to inductor.

An equivalent mutual capacitance is derived as
Cachd — Cadcbc
Cac+ Cad + Coc + Cha

It helps define the ICS as functions of coupler terminal voltage
V¢ (TX-side) and v,.,, (RX-side), i.e.,

. B dvr (£)
ita(t) = Cpm " 3)

- dvig
i (1) = Cpppy Rt

Cpm - (2)

B. Model Simplification of the Resonant Tank

The model of the resonant tank needs to consider the small
signal behavior of each components, i.e., the inductor, the capac-
itor, and the induced source. In [6], the equivalent small-signal
model for an inductor and a capacitor have been discussed.
Assume wg is the angular form of the switching frequency
fs, and s is the perturbation frequency for the small signal.
As shown in the left of Fig. 3(a), the inductor model has a
frequency-dependent (i.e., s-dependent) component (sL) and a
frequency-independent (i.e., s-independent) impedance (jwsL)
to form a series branch. The capacitor model is represented by
a parallel branch, i.e., C and 1/(jwsC) (refer to the left of
Fig. 3(b)). :

When the perturbation frequency s < ws, it has 5—22 +1=1,
using this approximation, it has ’

Ve 1 S — jws 1 J

— = = ~ - @
ic sC+jw,C (%Jrl)wgc 520 e Y

The above derivation shows the capacitor model can be ap-
proximately represented as an inductor form. Such a capacitor-
to-inductor (C2L) model transformation was proposed in [5],
which is helpful to simplify the series resonant tank [see
Fig. 3(b)]. It means when the components of a series branch
are all represented by their inductor form, the circuit order is
reduced due to the model combination. In a reverse manner, a
inductor-to-capacitor (L2C) transformation is proposed in this
letter based on the following approximation [see Fig. 3(a)]:

?—LzsLstLz%. )
(29 Sw% T .l

This model transformation is powerful in the model simplifi-
cation for parallel resonance.
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Fig. 4. Resonant tank simplification.

In order to model the induced source, the fundamental com-
ponents of the state variables are represented by their com-
plex signal forms. Assume iy, (t) & I;,e795t i,y (t) & I,e795t,
Vi (t) & Viged®st, and v, (t) = V,.,e/9st. Apply small pertur-
bation to vy, Vpg, T4z, and i,., in (3), it has

. ~ T “ jwe d(Vra+0rae Juwst
th(t) ~ (It:v + Ztg;) er\t = Cp 7( lc}lt Je

. ‘ jost (0)
ire(6) 2 (Tog e ) €951 = Cp Atde ™

The small signal model for the ICS is derived as

itr ’lirxcpm(s + .7.(*)5) (7)
lrgy = Utxcpm(s + st)'

By synthesizing the small-signal model of each basic com-
ponent, the model of the whole resonant tank is generated as
shown in Fig. 4 (refer to the top circuit). Since the original circuit
has series and parallel branches at both sides, such a high-order
system is not convenient for explicit model derivation. This letter
would fully use the L2C and C2L transformation of Fig. 3 and
the well-known circuit theory for model simplification.

In Fig. 4, the green area of the top model is equivalently
transformed to corresponding part of the middle model. This
transformation is based on the Norton’s and Thevenin’s theory,
ie.,

{QNT =0aB/[Liz(s + jws)] )

UTh = Urx — Z'r‘x/[ p2(s +]Ws)]

In a typical CPT system, the capacitance is usually pF' level
and the inductance is uH level. Hence, the impedance of the
capacitor is much higher than that of the inductor in the low-
frequency region. Thus, when the low-frequency perturbation is
applied, the resonant tank output current icp can be approxi-
mated as i,, (refer to the output terminal of Fig. 4). The next
step is to simplify the blue part of the middle model. For the
TX-side circuit, the blue part is a typical parallel resonant tank,
and a L2C transformation is applied. For the RX side, a C2L
transformation is used for the series branch. When the system
operates at the fixed resonance frequency, i.e., working like a
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Fig. 6. Small signal model for inverter and rectifier. (a) Decomposition of

inverter model. (b) Decomposition of rectifier model.

constant current (CC) source, it is able to further simply the
model as shown in the bottom of Fig. 4. Note that the proposed
simplification is invalid when frequency modulation is applied.

The further simplification is to deal with the induced source
part in the bottom model of Fig. 4. Combining (7) and (8), it has

Cpm ~
C Uty -
p2

Ury =

(€))

It means the two induced sources can be replaced by an ideal
transformer as shown in the left of Fig. 5. Using the transformer,
all the TX-side circuit is reflected to the RX side, and the final
resonant tank model is shown in the right of Fig. 5, where

: Cp2 % Cpe "
leg = Ty INT = (57 Cym Ew VAB
Leqg=2L,,

Ceq = QCPQQ/(WECpm2Ltm)-

(10)

The final tank model only contains an equivalent capacitor
(Ceq), an equivalent inductor (L), and a current source. Com-
pared with the original tank model, the number of components is
dramatically reduced, and model order is successfully reduced.

C. Whole System Model

The model of the whole system needs to consider the inverter
and rectifier, which have been discussed in [6] and are reviewed
in Fig. 6. Using the phase of v4p as the reference, the model
of the rectifier and the resonant tank need to be decomposed for
system synthesis. When s < w, (10) is simplified as

(1)

The inverter is decomposed into two orthogonal subcircuits
(a sine part and a cosine part) in Fig. 6(a). Considering the fixed

%eq ~ p2ﬁAB/(jwstmLta:) .
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Inverter Rectifier

Resonant tank

Fig. 7. Small signal model of a S-S CPT system.

phase difference between the inverter output (v 4 5) and rectifier
input (i¢p), the rectifier is decomposed as shown in Fig. 6(b).

The middle resonant tank model of Fig. 5 need to be decom-
posed in the same way, and then combined with the inverter and
rectifier model. The overall system model is shown in the top of
Fig. 7. According to (11), ieq is decomposed as

zeq s — 0
leg, ) 12
{Zeq,c = *CpQUAB/(wstmLtm)- ( )

It is interesting to find that the output voltage is only affected
by the current of the Cosine part. Since the Sine part is only
coupled to the source but decoupled to the load, the final model
is represented in the bottom of Fig. 7 (removing the sine part).

Using the equivalent circuit model of Fig. 7, many small-
signal behaviors of a CPT system can be evaluated. For exam-
ple, when the input voltage is regulated, the influence of the
input perturbation can be evaluated through the voltage transfer
function. Through the basic circuit theory, this voltage gain
(Gyy = 0o/ Vip,) is derived as

Gdc
G’U’U =
LeqCeqRC 83+ LegCoeqs®+(RCy+ 5 RCeq)s+1
(13)
where
Gae = ARCpa/ (m*wCrm Lis) - (14)

Itis a three-order model with clear physical meaning. Such an
explicit transfer function is convenient to design the parameters
of a linear controller.

In (13), the output capacitance C'y (nF or uF level) is usually
much larger than the equivalent capacitance C., (pF level).
Taking C'y > C, into the dominator of (13), i.e., D, it has

Doy LegCoqRCy 83+ LegCoys® +RCys+1

= (LeqCeqs®+1) (RCys+1). (15)
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Fig. 8. Simulation verification. (a) Different diode junction capacitance.
(b) Different switching frequency.
TABLE II
SETUP PARAMETERS
Parameter | C’,, C! | Cp1,Cp2 | Ltx, Ly Cy P
Value 544 pF 645 pF' 404 nH | 300 nF | 30 W

Three poles exist in (15). The frequency of the single pole
(fp1) and conjugate poles (fy2) are derived as

fpl = 1/(27TRCf)
fp2 = L

27/ LeqCleq

16
= Cpm 72LTL;5P22 - (16)
It is obvious that f,; is determined by C'y and R. f,s is
determined by L., and C¢q, i.e., the parameters of resonant
tank. For example, the mutual capacitance C,,,,, would directly
affect f2. When f,2 are much higher than f,;, this system can
further simplified as a single-pole one, whose transfer function
is

G'U'Ul :Gdc/(RCfS-i-l) .

For a practical system, the controller type needs to consider
its bandwidth requirement. If the bandwidth is much lower than
fp2, the first-order model is sufficient to guide the controller
design. An integrator and a lead compensator are sufficient. If
the bandwidth is close to fp2, the third-order model has to be
used. A type-III (having three poles and two zeros) compensator
is suggested.

A system is built in simulation with the same parameters as the
final experiment. In the model, the diode junction capacitance
are not included, whose effect is conveniently evaluated in sim-
ulation. When a small variation is applied to these capacitance,
Fig. 8(a) shows there is almost no change in the system response
and the model does not need to consider this parasitic. When
the resonance frequency (f,) is 1 MHz, the switching frequency
should be higher to ensure zero-voltage switching. The response
for different f, is compared in Fig. 8(b). It shows a small
frequency deviation will not affect the model accuracy.

a7

III. MODEL VERIFICATION

A 1-MHz CPT system setup is built as shown in Fig. 9(a).
All the system parameters are shown in Table II. The cou-
pler parameters are measured by the impedance analyzer, i.e.,
shorting one terminal and reading the input impedance from
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another. The nominal resonance frequency is slightly less than
the switching frequency to ensure the zero voltage switching
of the inverter. The input voltage is 35 V and the output power
is 30 W. The inverter output is shown in Fig. 9(b). When the
input voltage experiences a step change, the dynamic behavior
of output voltage (v,) and the rectifier output current (z,) are
given in Fig. 10 to justify the model accuracy from time domain
aspect.

Both the magnitude and phase of G, (three-order model) and
G 1 (one-order model) are given as shown in Fig. 11(a). The
consistency between the model-based calculation and the real
response clearly justifies the model accuracy. The third-order
model is accurate up to one fifth of the switching frequency. It
is sufficient to describe the low-frequency behaviors of the CPT

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 38, NO. 5, MAY 2023

system. There exists a mismatch at the conjugate-pole position
(around 100 kHz). This is due the influence of equivalent series
resistors. The damping effect of the calculated response is not as
clear as the real one. Fig. 11 also shows when the perturbation
frequency is much lower than the conjugate-poles frequency, this
system can be treated as a single-pole one. When the vertical
distance increases, the mutual capacitance C),, would drop
from 101.2 to 79.8 pF. It equally means the coupling coefficient
decreases from 0.15 to 0.12. The proposed model is still valid
as shown in Fig. 11(b). In a coupling variation case, the range of
Cpm should be measured, and then the system controller could
define the worst case to guide the controller design.

IV. CONCLUSION

This letter mainly focuses on the small signal model for a S-S
compensated CPT system from both circuit and math point of
view. In order to simplify the high-order resonant tank, a new
inductor-to-capacitor approximation is proposed and combined
with the existing capacitor-to-inductor approximation. Through
a series of model transformation, the complicated resonant
tank can effectively simplify the resonance behavior from the
small-signal perspective. Combing with the existing inverter
and rectifier model, a third-order equivalent circuit model is
generated and help explicitly derive the transfer function for the
whole system. The measured results show the proposed model
is accurate up to one fifth of the switching frequency.
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