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Abstract— Tracking mutual inductances and load is essential
for monitoring and control of wireless power transfer (WPT)
systems. This article proposes an estimation method to identify
the mutual inductances and load for a two-transmitter–one-
receiver (2TX–1RX) LCC-S compensated WPT system. It only
needs voltage measurements at the transmitter side, without
requiring current sensors and information from the receiver
side. This article first proposes a mathematical model that
systematically describes the physical laws at the fundamental
frequency and the third harmonic of the WPT system, where the
rectifier and the load at the receiver side are equivalently modeled
as a square wave source. This article also rigorously derives the
reason why mutual inductances and load cannot be estimated
simultaneously at the resonant frequency using a conventional
equivalent resistor load model. In comparison, the proposed
methodology ensures unique solutions of estimated parameters.
Afterward, a state estimation method is applied to solve the
unknown states of the system including mutual inductances and
load information. Further controls such as maximum efficiency
and constant output voltage/current controls can be implemented
based on accurate tracking of system parameters using the
transmitter-side information only. Hardware experiments on a
prototype 2TX–1RX LCC-S WPT system validate the effective-
ness of the proposed method.

Index Terms— Multitransmitter, mutual inductances and
load tracking, parameter estimation, wireless power transfer
(WPT).
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I. INTRODUCTION

WIRELESS power transfer (WPT) systems are widely
adopted in many charging applications, such as

electrical vehicles (EV), portable devices, and implantable
biomedical devices [1], [2], [3], [4], [5]. Wireless charging
with no cables and plugs brings safety and convenience for
the applications. The inductive WPT systems deliver power
from transmitting (TX)-to-receiving (RX) coils based on the
electromagnetic induction. The WPT systems should usually
realize specific control objectives, such as constant voltage
output, constant current (CC) output, and maximum efficiency.
In many inductive charging scenarios, coil misalignment will
cause changes in mutual inductances [6]; the loads are also not
constant [7]. Accurate knowledge of the mutual inductances
and load is essential to realize the aforementioned control
objectives [8], [9], [10]. Therefore, researchers proposed var-
ious parameter estimation methods. This article first reviews
parameter estimation methods for 1TX–1RX WPT systems,
and then introduces specific considerations for multicoil WPT
systems.

For conventional 1TX–1RX WPT systems, wireless com-
munication is one intuitive way to transfer information from
the receiver to the transmitter. With these communication
methods, the output voltage/current and the load at the receiver
side can be obtained directly, which simplifies the problem
of parameter identification. However, these methods require
sensors and wireless communication circuits implemented on
both sides, increasing the cost and complexity of the system.
In addition, wireless signals could be susceptible to electro-
magnetic interference [11], [43].

To overcome the above challenges caused by wireless
communication, many researchers studied the parameter iden-
tification methods that only utilize the measurements (voltage,
current, and duty cycle) from the transmitter side to estimate
the mutual inductances and loads, avoiding communication
with receiver side and reducing hardware costs [12], [13],
[14], [15], [16], [17], [18], [19], [20], [21], [22], [23]. In [12],
[13], [14], and [15], the mutual inductance is estimated with
the relationship between the input impedance and the mutual
inductance. Hu et al. [14] simplified the circuit model based
on high-frequency harmonic characteristics of the resonator
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to improve the accuracy. These methods assume known load
parameters and only estimate the mutual inductance. Sheng
and Shi [16], Su et al. [17], [18], Yin et al. [19], Liu et al.
[20], Dai et al. [21], Yang et al. [22], and Chow et al. [23]
estimate both the mutual inductance and load simultaneously
with the transmitter-side information. These methods usually
apply the equivalent circuit model of the WPT system and
analyze the input impedance of the system by measuring the
transmitter-side voltage, current or the phase shift between
the voltage and current. The key point is to generate sets
of equations demonstrating the relationship among states and
input impedance of the equivalent circuit model, and then
obtain the states by solving the equations. Sheng and Shi [16]
and Su et al. [17] add auxiliary circuits (inverters or com-
pensated capacitors) to generate discrete operating modes and
further obtain more information (sets of different steady-state
equations). Additional circuits or components may increase
the control complexity and cost of the system. Moreover,
switching between various modes may affect the operating
conditions and transfer efficiency. With no additional circuits,
Su et al. [18] obtain two sets of analytical solutions of the
parameters by building the ac impedance model for secondary
parallel-compensated WPT systems. Then, it eliminates the
undesired solutions with the analysis of the range of parame-
ters. Yin et al. [19] give the mathematical expression of mutual
inductance and load at any operating frequency except the
resonant frequency of the receiver circuit in series–series (SS)
compensated systems. Liu et al. [20], Dai et al. [21], and
Yang et al. [22] generate the input impedance equations in
discrete frequency/harmonic frequency to solve the parameters
for the receiver series-compensated WPT system. Chow et al.
[23] generate the equations for SS compensated system and
obtain the mutual inductance within a reasonable range. For
these studies, it is reported that for receiver series-compensated
WPT systems, infinite-solution issues typically occur at the
resonant frequency for the estimation of mutual inductance
and load [19].

The 1TX–1RX WPT systems could suffer from coil mis-
alignment and weak coupling. Hence, multi-TX WPT systems
are developed to expand the charging area and improve
the coupling [24], [25], [26], [28], [29], [30]. Application
examples include the charging of electric vehicles [44], [45],
and improvement of charging flexibility with omnidirectional
charging [46], [47], [48], among others. Similar to 1TX–1RX
WPT system, maximum efficiency and proper output controls
are significant objectives for multi-TX WPT, where mutual
inductances and load identification are also of great impor-
tance. Compared with one-TX systems, there are additional
challenges for mutual inductances and load tracking for multi-
TX systems. The physical laws of multi-TX systems are
more complex, and more parameters need to be estimated,
such as mutual inductances between each TX coil and the
receiving (RX) coil. To meet the challenges, a limited number
of the literature studied the parameters identification method
for multi-TX WPT systems. Huh and Ahn [25], Kim et al.
[26], and Kim and Ahn [27] achieve the maximum efficiency
of the two-TX WPT system by tuning the input current of the
transmitter according to mutual inductances. Different from

one-TX systems, only the receiver-side information (voltage
and load) cannot uniquely determine the mutual inductance,
Kim et al. [26] derive the additional mutual inductance ratio
based on input impedance to solve the parameters. Dai et al.
[28], [29] derive the relation among the input current, volt-
age, and reflection impedance at the resonant frequency for
multi-TX WPT systems. It measures the load value and uses
communication to outline mutual inductances and to avoid
infinite-solution problems. Li et al. [30] estimate the mutual
inductance and load for dual-LCC WPT systems based on
impedance analysis, solving the infinite-solution problem by
tuning the LCC parameters. These studies show that compared
with SS topology, the LCC-S topology can be applied in
multi-TX WPT systems with higher design freedom and less
current stress [29]. From these studies, methods for estimat-
ing parameters in multi-TX WPT systems also encounter
challenges as follows: 1) most methods only estimate the
mutual inductances, and fail to estimate mutual inductances
and load simultaneously; 2) most methods model the load as
an equivalent resistor; infinite-solution problems typically exist
for mutual inductance estimation, and the reason still needs to
be systematically investigated; and 3) receiver-side information
and wireless communication are typically required, increasing
the cost and complexity of the system.

High-order harmonics are widely utilized to identify the
parameters in the area of power systems, power electronics,
and electric machinery [31], [32], [33], [34], [35], providing
more information for the parameter identification problem.
In this article, the high-order harmonics are considered for
mutual inductances and load tracking in a two-transmitter–
one-receiver (2TX–1RX) LCC-S WPT system. It estimates
the mutual inductances and load simultaneously using the
transmitter-side information only. The method first builds an
equivalent circuit model of the system including the mutual
inductances and the output voltages/currents as independent
states. Fundamental and high-order harmonic components are
taken into consideration during the modeling. This model-
ing methodology systematically avoids the issues of infinite
solutions. Afterward, the state estimation method is applied to
solve the states of the system, including mutual inductances
and load information. With the estimated states, further con-
trol strategies can be implemented without the remote side
information. The key contributions of the proposed mutual
inductances and load tracking method are summarized as
follows.

1) For 2TX–1RX LCC-S WPT systems, this article sys-
tematically investigates the reason for infinite solutions
of parameters at the resonant frequency (dependency
among parameters) using an equivalent resistor load
model, with rigorous mathematical proofs.

2) A modeling method using harmonics for 2TX–1RX
LCC-S WPT system is presented, to avoid the param-
eter dependency problem; the proposed framework can
estimate mutual inductances and load information simul-
taneously with unique solutions.

3) The proposed estimation method has no assumption of
the operating frequency of the system and can work
at the resonant frequency; it only needs to measure
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Fig. 1. 2TX–1RX LCC-S compensated WPT system.

transmitter side voltages; no current sensor, addition
circuit, or communication channel is needed.

4) With the estimated parameters, control strategies to
achieve the maximum transfer efficiency and constant
output voltages/currents can be implemented without
requiring any feedback signal from the receiver side.

The rest of this article is arranged as follows. Section II
presents the conventional and the proposed modeling pro-
cedure of a 2TX–1RX LCC-S WPT system, with rigorous
mathematical derivations and proofs. Section III introduces the
estimation procedure based on the state estimation method.
Section IV introduces the possible applications with the
estimated mutual inductances and load, such as maximum
efficiency control and constant output voltage/current control.
Section V shows the hardware experimental results to verify
the effectiveness of the proposed estimation method and
control applications. Section VI makes further discussions.
Section VII provides the conclusion of this article.

II. PROPOSED MODELING METHODOLOGY

Typical WPT systems consist of dc power supplies, inverter
circuits, compensation circuits, TX and RX coils, rectifier cir-
cuits and loads. Fig. 1 shows a typical multi-coil LCC-S WPT
system, containing two transmitters and one receiver. The two
transmitters have the same compensation topology. L1, C1,
and Ctx1, and L2, C2, and Ctx2 are the LCC compensation
components for the TX coils L tx1 and L tx2, respectively. The
two TX coils L tx1 and L tx2 are both coupled with the RX coil
L rx. Crx is the compensated component of the RX coil L rx.
M1 and M2 are the mutual inductances between each TX coil
and the RX coil, respectively. M12 is the mutual inductance
between the two TX coils.

Modeling the WPT system is to find the voltage/current
relationship to describe the physical laws of the system. The
modeling procedure can be divided into two parts: one is to
model the transmitter side circuit, and the other is to model the
receiver side circuit including the rectifier circuit and the load
resistor. Therefore, this section first introduces the modeling
method for the transmitter side in Section II-A. Afterward,
modeling methods for the receiver side with different load
part equivalence are shown in Section II-B, with the load part
modeled as an equivalent resistor or an equivalent square wave
source.

Fig. 2. Equivalent circuit of the transmitter-side circuit.

A. Modeling Transmitter-Side Circuit

For the WPT system shown in Fig. 1, the equivalent circuit
of the transmitter side is shown in Fig. 2.

Ṽ in1 and Ṽ in2 are the output voltages of the inverter, which
are modeled as square wave sources containing the funda-
mental frequency and multiple harmonic components. Ṽ C1 and
Ṽ C2 are the voltages across C1 and C2, respectively. Ĩ tx1 and
Ĩ tx2 are the currents through the two TX coils, respectively.
For the nth harmonic component (including the fundamental
frequency component where n = 1), one can demonstrate the
transmitter side model as (1) based on the KVLs within the
right side meshes (as shown in the figure)

Ṽ C1,n = Ĩ tx1,n Z1,n − jnωs M1 Ĩ rx,n + jnωs M12 Ĩ tx2,n

Ṽ C2,n = Ĩ tx2,n Z2,n − jnωs M2 Ĩ rx,n + jnωs M12 Ĩ tx1,n (1)

where the impedances are Z1,n = jnωs L tx1− j/(nωsCtx1)+rtx1
and Z2,n = jnωs L tx2 − j/(nωsCtx2) + rtx2. rtx1 and rtx2 are
the equivalent series resistances (ESRs) of the TX coils TX1
and TX2, respectively. The signal (·), n represents the nth
harmonic component of the variable (·). ωs is the angular
frequency of the waveform Ṽ in1 and Ṽ in2, i.e., the angular
switching frequency of S1–S4. It should be noted that the
equation set in (1) describes the nth harmonic model of
the system, where n can be selected as a positive integer.
Obtaining discrete harmonic frequency components of the
system can provide more information and improve the system
redundancy for the estimation problem.

In fact, since the estimation problem is only based on
the transmitter side information, the unknown voltages and
currents in (1) that could be measured include Ṽ C1 , Ṽ C2 ,
Ĩ tx1, and Ĩ tx2. However, the hardware of current measurements
is more complicated and challenging than that of voltage
measurements. In this article, the current measurements Ĩ tx1
and Ĩ tx2 can be calculated by the voltage measurements Ṽ C1

and Ṽ C2 as well as the source voltages Ṽ in1 and Ṽ in2, as shown
in (2). In this case, only the voltage measurements are required

Ĩ tx1,n = Ṽ in1,n/( jnωs L1) + j(1/(nωs L1) − nωsC1)Ṽ C1,n

Ĩ tx2,n = Ṽ in2,n/( jnωs L2) + j(1/(nωs L2) − nωsC2)Ṽ C2,n.

(2)

B. Modeling Receiver-Side Circuit

The equivalent circuit of the receiver side is shown in Fig. 3.
rrx is the ESR of the RX coil. Specifically, to represent the load
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Fig. 3. Equivalent circuit of the receiver side. (a) Equivalent resistor model.
(b) Equivalent square wave source model.

part (including the rectifier, capacitor C0, and load R, as shown
in Fig. 1), Fig. 3(a) utilizes an equivalent resistor model, while
Fig. 3(b) adopts an equivalent square wave source model.

1) Modeling Method 1 (Equivalent Resistor Model): To
simplify the analysis of the WPT system, many existing
literature adopt the equivalent resistor model. The load part
is modeled as a pure ac resistance Req = 8R/π2 [11], [12],
[13], [14], [15], [16], [17], [18], [19], as shown in Fig. 3(a).
Note that this equivalence only holds for the fundamental
frequency since Req is calculated via power equivalencing at
the fundamental frequency. The model is

0 = jωs M1 Ĩ tx1,1 + jωs M2 Ĩ tx2,1 − Ĩ rx,1(Zr,1 + Req) (3)

where Zr,1 = jωs L rx − j/(ωsCrx) + rrx is the fundamental
frequency series impedance at the receiver side excluding the
equivalent load Req.

With the transmitter-side model (1) and the equivalent
resistor model at the fundamental frequency (n = 1) in (3),
the overall model of the system is

Ṽ C1,1 = Ĩ tx1,1 Z1,1 − jωs M1 Ĩ rx,1 + jωs M12 Ĩ tx2,1

Ṽ C2,1 = Ĩ tx2,1 Z2,1 − jωs M2 Ĩ rx,1 + jωs M12 Ĩ tx1,1

0 = jωs M1 Ĩ tx1,1 + jωs M2 Ĩ tx2,1 − Ĩ rx,1
(
Zr,1 + Req

)
.

(4)

In (4), there are three complex equations. Ṽ C1,1, Ĩ tx1,1,
Ṽ C2,1, and Ĩ tx2,1 and ωs , Z2,1, Z1,1, and Zr,1 are the known
measurements and parameters, respectively. By separating (4)
into real and imaginary parts, the model has six real equations
and six real unknown states: Ĩ rx,1 is a complex variable
consisting of two real unknowns, and M1, M2, M12, and Req
are the four unknown real variables. At first glance, it seems
that the redundancy of the system is enough, and the unknown
variables can be solved. However, the unknowns cannot be
solved if the system operates at the resonant frequency due to
the dependency among those unknowns. Next, the reason is
explained in detail.

2) Parameter Dependency at Resonant Frequency Using
Modeling Method 1: For WPT systems with the example
LCC-S topology, the relationships between inductors and
capacitors within the circuit are shown in the following
equation, where ω0 is the resonant frequency

ω0 = 1/
√

L1C1 ω0 = 1/
√

(L tx1 − L1)Ctx1

ω0 = 1/
√

L rxCrx ω0 = 1/
√

L2C2

ω0 = 1/
√

(L tx2 − L2)Ctx2. (5)

For the system operating at ω0, ωs = ω0. With (5), the
impedances can be expressed as Zr,1 = rrx, Z1,1 = jω0L1 +

rtx1, and Z2,1 = jω0L2 +rtx2. From the last row of (4), Ĩ rx,1 =

( jω0 M1 Ĩ tx1,1 + jω0 M2 Ĩ tx2,1)/(rrx + Req). Substitute Ĩ rx,1 into
the first two rows of (4)

Ṽ C1,1 = Ĩ tx1,1

(
jω0L1 + rtx1 +

ω2
0 M2

1

rrx + Req

)
+ Ĩ tx2,1

(
ω2

0 M1 M2

rrx + Req
+ jω0 M12

)
Ṽ C2,1 = Ĩ tx2,1

(
jω0L2 + rtx2 +

ω2
0 M2

2

rrx + Req

)
+ Ĩ tx1,1

(
ω2

0 M1 M2

rrx + Req
+ jω0 M12

)
. (6)

In (6), the mutual inductance M1 or M2 always appears
together with the term (rrx + Req). Therefore, mathematically
speaking, the three real unknowns M1, M2, and Req are
dependent, i.e., there are infinite combinations of (M1, M2,
Req) that can satisfy (6), and therefore, the actual value of
M1, M2, and Req cannot be solved. One simple example is
as follows. Given the combination of (M1, M2, and Req) that
satisfies (6), the combination of (aM1, aM2, and (a2

− 1)rrx +

a2 Req) also satisfies (6) for any nonzero constant a.
In fact, from (6), the ratio of M1 to M2 can be calculated.

The same term (ω2
0 M1 M2/(rrx + Req) + jωM12) appears in

both rows of (6), and can be eliminated. The model becomes

M2
1

/(
rrx + Req

)
− Ĩ 2

tx2,1

/
Ĩ 2

tx1,1 · M2
2

/(
rrx + Req

)
= Zmeas

(7)

where Zmeas = [VC1,1 Itx1,1 − VC2,1 Itx2,1 − I 2
tx1,1( jω0L1 +rtx1)+

I 2
tx2,1 ·( jω0L2 + rtx2)]/(ω

2
0 I 2

tx1,1) is a complex number that can
be calculated via available measurements and known system
parameters. In (7), the two real terms t1 = M2

1 /(rrx + Req) and
t2 = M2

2 /(rrx + Req) can be treated as two unknowns. With
the real and imaginary parts of (7), t1 and t2 can be solved as
follows:

t1 = Re(Zmeas)

− Re( Ĩ 2
tx2,1/ Ĩ 2

tx1,1) · Im(Zmeas)/Im(I 2
tx2,1/I 2

tx1,1)

t2 = −Im(Zmeas)/Im( Ĩ 2
tx2,1/ Ĩ 2

tx1,1) (8)

where Re(·) and Im(·) represent the real and imaginary parts
of the variable (·). From the definitions of t1 and t2

M1/M2 =
√

t1/t2. (9)

To sum up, for 2TX–1RX WPT systems, with the modeling
method 1 (the equivalent resistor model), the actual value of
M1, M2, and Req cannot be solved if the system operates at
the resonant frequency.

3) Modeling Method 2: Equivalent Square Wave Source
Model: To overcome the limitation of the modeling method
with an equivalent resistor, more information should be pro-
vided. For existing parameter identification methods with
equivalent resistor load models, to obtain additional infor-
mation, techniques such as: 1) communication from the
receiver side [11], [26], [29]; 2) auxiliary circuits [16], [17];
3) off-resonant frequency operation [19]; and 3) frequency
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Fig. 4. Waveforms and harmonic components of square wave source u(t).

sweeping [22] are applied to solve the dependency problem
between M and Req. However, these techniques could result
in increased hardware cost and system implementation com-
plexity (categories a, b, and d), and suboptimal operation of
the system (category c).

In fact, high-order harmonics is an intuitive way to provide
additional information, and it is widely applied to parameter
identification problems [31], [32], [33], [34], [35]. However,
model (4) with an equivalent resistor load cannot be directly
extended to high-order harmonics, because the ac equivalent
load Req is calculated based on the power analysis under
fundamental frequency. To utilize the high-order harmonics
information, the square wave source model in Fig. 3(b) can
be adopted to model the 2TX–1RX LCC-S WPT system.

For the load part in Fig. 1, due to the capacitance C0, the
voltage at the terminal of R is close to a constant. Therefore,
the voltage u at the terminals of the rectifier is very close to
a square wave. For the nth harmonic, the following equation
describes the KVL law on the RX coil:

Ũ n = jnωs M1 Ĩ tx1,n + jnωs M2 Ĩ tx2,n − Ĩ rx,n Zr,n (10)

where Ũ n is the nth harmonic of the square wave u(t), and
Zr,n is the nth harmonic series impedance of the receiver side
Zr,n = jnωs L rx − j/(nωsCrx) + rrx.

With the transmitter side model (1) and the equivalent
square wave source model in (10), the overall system model
is (11). Note that the model holds for any harmonic order n

Ṽ C1,n = Ĩ tx1,n Z1,n − jnωs M1 Ĩ rx,n + jnωs M12 Ĩ tx2,n

Ṽ C2,n = Ĩ tx2,n Z2,n − jnωs M2 Ĩ rx,n + jnωs M12 Ĩ tx1,n

Ũ n = jnωs M1 Ĩ tx1,n + jnωs M2 Ĩ tx2,n − Ĩ rx,n Zr,n. (11)

In (11), for the nth harmonic, the model consists of three
complex equations. Ṽ C1,n , Ĩ tx1,n , Ṽ C2,n , and Ĩ tx2,n and ωs , Z1,n ,
Z2,n , and Zr,n are the known measurements and parameters,
respectively. By separating (11) into real and imaginary parts,
the model has six real equations and seven real unknown
states: Ũ n and Ĩ rx,n are the two complex variables consisting of
four real unknowns, and M1, M2, and M12 are three unknown
real variables. Compared with (4), the model (11) does not
have the real unknown Req, but with two additional real
unknown variables (real and imaginary parts of Ũ n).

With the analysis of the square wave source u(t), the
relationship among variables of different harmonics can also
be derived. For example, with the typical WPT inverter duty
cycle of 0.5, the square wave source u(t) is shown as the blue
curve in Fig. 4 (with the magnitude of U ). According to the
Fourier series, u(t) = a0 +

∑
∞

n=1 (an cos(nωt) + bn sin(nωt)),

the coefficients can be calculated as a0 = an = 0 and bn =

(2/T )
∫ T

0 u(t) sin(nωt)dt =
4U
πn , n = 1, 3, 5, . . .. Therefore,

u(t) can be rewritten into the sum of harmonic components
un(t) as (12). These components are also shown in Fig. 4

u(t) =

∞∑
n=1

un(t) =

∞∑
n=1

4U sin(nωt)/(πn), n = 1, 3, 5, . . .

(12)

From (12), the relationship between the nth harmonic
component magnitude Un and the fundamental component
magnitude U1 is shown in the following equation:

Un/U1 = 1/n. (13)

Therefore, if different harmonic components (the fundamen-
tal frequency and high harmonic components) are considered,
the model will have 6p real equations from (11) and
p − 1 equations from (13), where p is a positive integer and is
the number of discrete harmonic order. The unknown states are
M1, M2, and M12 (three real unknowns) and Ũ n and Ĩ rx,n (4p
real unknowns). To ensure that the redundancy is adequate,
the number of equations should not be smaller than that of
unknown states, i.e., 6 p + p − 1 ≥ 3 + 4p, or p ≥ 2. For
example, the fundamental frequency and the third harmonic
components can be selected as the components of interest to
solve the unknowns.

4) Parameter Independency at Resonant Frequency Using
Modeling Method 2: In fact, the condition p ≥ 2 is necessary
but may not be sufficient. This means that the unknowns
may still not be solved if the parameters are dependent. One
obvious example is the modeling method 1 at the resonant
frequency: although with six equations and six unknowns, the
parameters M1 and M2 still cannot be solved. Therefore, the
parameter independence using the modeling method 2 should
be carefully evaluated.

For the nth harmonic model in (11), eliminate the trans-
mitter side current Ĩ rx,n in the first two rows using the third
row

Ṽ C1,n = Ĩ tx1,n Z1,n +
(

jnωs M1Ũ n + n2ω2
s M2

1 Ĩ tx1,n
)/

Zr,n

+
(
n2ω2

s M1 M2
/

Zr,n + jnωs M12
)
Ĩ tx2,n

Ṽ C2,n = Ĩ tx2,n Z2,n +
(

jnωs M2Ũ n + n2ω2
s M2

2 Ĩ tx2,n
)/

Zr,n

+
(
n2ω2

s M2 M1/Zr,n + jnωs M12
)
Ĩ tx1,n. (14)

Next, in (14), eliminate the complex variable Ũ n with the
second row

Ṽ C1,n = Ĩ tx1,n Zn1 + Ṽ C2,n
M1

M2
−

M1

M2
Ĩ tx2,n Zn2

+ jnωs M12

(
Ĩ tx2,n −

M1

M2
Ĩ tx1,n

)
. (15)

From (15), the nth harmonic model after simplification is a
function of two real variables M1/M2 and M12. With the real
and imaginary parts of the model, M12 and M1/M2 can be
solved. However, one can observe that the mutual inductances
M1 and M2 are always coupled and are dependent. This
dependency still exists even when p≥ 2.

Fortunately, (13) introduces additional information to
decouple M1 and M2. For example, when the fundamental
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frequency and the third harmonic components are utilized
(p = 2), the relationship U3/U1 = 1/3 is the key to ensuring
both M1 and M2 are solvable. One can observe that, if one
substitutes the first row into the third row of (11), the variable
Ĩ rx,n can be eliminated, and Ũ n is a function of M1, M2, and
M12 as follows:

Ũ n = jnωs M1 Ĩ tx1,n + jnωs M2 Ĩ tx2,n

+
(

j Ĩ tx1,n Z1,n Zr,n − j Ṽ C1,n Zr,n

− nωs M12 Ĩ tx2,n Zr,n
)
/(nωs M1). (16)

Therefore, for n = 1 or 3, substitute the magnitude of the
above expression Ũ n into U3/U1 = 1/3, and an additional
equation independent of (15) is obtained which is related to
M1, M2, and M12. Consequently, M1, M2, and M12 can be
solved and the solution is unique. On the contrary, if the
modeling method 1 is utilized, the equivalent resistor only
holds for the fundamental frequency component; in this case,
the modeling method 1 cannot adopt information of higher
order harmonics, and the parameters M1 and M2 are still
dependent and cannot be solved.

The previous theoretical analysis shows the reason why
the parameters are independent and can be solved using
modeling method 2. Besides, the dependency of parameters
can also be numerically validated through the rank of the
Jacobian matrix of the system model. For an overdetermined
equation, if the rank of the Jacobian matrix is equal to
the number of unknown states, the system parameters are
independent; if the rank of the Jacobian matrix is smaller
than the number of unknown states, the system parameters
are dependent. For this case, if the nth harmonic model
in (11) is considered for both n = 1 and 3 and (13) is
not considered, the rank of the Jacobian matrix (with the
dimension of 12 × 11) is 10. If (13) is also considered in
addition to the nth harmonic model in (12) (n = 1 and 3), the
rank of the Jacobian matrix (with the dimension of 13 × 11)
is 11, which is equal to the number of unknowns. Therefore,
numerical results are consistent with the above theoretical
derivation.

5) Consideration of Mutual Inductance M12: Through-
out the previous modeling procedure, the mutual inductance
between the two TX coils (M12) is treated as an unknown state
to be estimated. In practical two-transmitter WPT systems, the
two TX coils are usually placed such that M12 is 0, to decouple
the two coils [40]. Therefore, it is also plausible to assume
M12 = 0 and eliminate the unknown variable M12.

In fact, the advantages of the modeling method 2 compared
with the modeling method 1 still hold even when M12 is known
to be 0. For the modeling method 1, even if M12 = 0 in
(6), there are still infinite combinations of M1, M2, and Req
that can satisfy (6), i.e., the parameters to be solved are still
dependent. For the modeling method 2, even if M12 = 0 in
(15), the parameters M1 and M2 are still dependent, and it
is necessary to include (13) into the model; the parameters
become independent if p = 2 and (13) is included into
the model. Therefore, the conclusions are similar no matter
whether M12 is treated as a constant (zero) or an unknown
state.

III. SOLUTION VIA STATE ESTIMATION

From Section II, the modeling method 2 (equivalent square
wave source model) is adopted. Compared with the mod-
eling method 1 (equivalent resistor model), the modeling
method 2 ensures that the parameters are independent and can
be estimated. For the 2TX-1RX WPT system, the first- and
third-harmonic components are utilized to build the overall
model, with 13 real equations and 11 real unknown states.
To simplify the expression, the equation U3 = U1/3 is
substituted into the rest of the equations to eliminate the
unknown variable U3, resulting in 12 real equations and ten
real unknown states. The overall model is shown in (17).
(·)n,r and (·)n,i represents the real and imaginary parts of the
nth harmonic component of the corresponding variable (·),
respectively. Ũ n = Un ̸ θn , Un,r = Un cos θn , Un,i = Un sin θn ,
and Ĩ rx,n = Irx,n ̸ ϕn

0 =

(
1

ωsCtx1
− ωs L tx1

)
Itx1,1,i + rtx1 Itx1,1,r + ωs M1 Irx,1,i

− ωs M12 Itx2,1,i − VC1,1,r

0 =

(
ωs L tx1 −

1
ωsCtx1

)
Itx1,1,r + rtx1 Itx1,1,i − ωs M1 Irx,1,r

+ ωs M12 Itx2,1,r − VC1,1,i

0 =

(
1

ωsCtx2
− ωs L tx2

)
Itx2,1,i + rtx2 Itx2,1,r + ωs M2 Irx,1,i

− ωs M12 Itx1,1,i − VC2,1,r

0 =

(
ωs L tx2 −

1
ωsCtx2

)
Itx2,1,r + rtx2 Itx2,1,i − ωs M2 Irx,1,r

+ ωs M12 Itx1,1,r − VC2,1,i

0 =

(
ωs L rx −

1
ωsCrx

)
Irx,1,i − rrx Irx,1,r − ωs M1 Itx1,1,i

− ωs M2 Itx2,1,i − U1 cos θ1

0 =

(
1

ωsCrx
− ωs L rx

)
Irx,1,r − rrx Irx,1,i + ωs M1 Itx1,1,r

+ ωs M2 Itx2,1,r − U1 sin θ1

0 =

(
1

3ωsCtx1
− 3ωs L tx1

)
Itx1,3,i + rtx1 Itx1,3,r + 3ωs M1 Irx,3,i

− 3ωs M12 Itx2,3,i − VC1,3,r

0 =

(
3ωs L tx1 −

1
3ωsCtx1

)
Itx1,3,r + rtx1 Itx1,3,i − 3ωs M1 Irx,3,r

+ 3ωs M12 Itx2,3,r − VC1,3,i

0 =

(
1

3ωsCtx2
− 3ωs L tx2

)
Itx2,3,i + rtx2 Itx2,3,r + 3ωs M2 Irx,3,i

− 3ωs M12 Itx1,3,i − VC2,3,r

0 =

(
3ωs L tx2 −

1
3ωsCtx2

)
Itx2,3,r + rtx2 Itx2,3,i − 3ωs M2 Irx,3,r

+ 3ωs M12 Itx1,3,r − VC2,3,i

0 =

(
3ωs L rx −

1
3ωsCrx

)
Irx,3,i − rrx Irx,3,r

− 3ωs(M1 Itx1,3,i + M2 Itx2,3,i ) −
U1 cos θ3

3

0 =

(
1

3ωsCrx
− 3ωs L rx

)
Irx,3,r − rrx Irx,3,i

+ 3ωs(M1 Itx1,3,r + M2 Itx2,3,r ) −
U1 sin θ3

3
. (17)
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The overall model for parameter identification can be rewrit-
ten in a standard format

0 = h(x) (18)

where h(x) = [h1(x), h2(x), . . . , h12(x)]T corre-
sponding to the right side of (17). The known
coefficients in h(x) include available measurements
VC1,1,r , VC1,1,i , VC2,1,r , VC2,1,i , VC1,3,r , VC1,3,i , VC2,3,r , VC2,3,i ,
Itx1,1,r , Itx1,1,i , Itx2,1,r , Itx2,1,i , Itx1,3,r , Itx1,3,i , Itx2,3,r , and
Itx2,3,i , and available parameters ωs , L tx1, Ctx1, L tx2,
Ctx2, L rx, Crx, rtx1, rtx2, and rrx. The state vector to be
estimated is x = [M1, M2, M12, U1, θ1, θ3, Irx,1,r , Irx,1,i , Irx,3,r ,
and Irx,3,i ]

T
∈ R10×1. Note that if M12 is known, the

variable M12 can be removed from the state vector, and
x = [M1, M2, U1, θ1, θ3, Irx,1,r , Irx,1,i , Irx,3,r , Irx,3,i ]

T
∈ R9×1.

h(x) is a nonlinear function of the state vector.
To solve the state vector x in the nonlinear model (18), there

are extensive ways including EKF, machine learning, adaptive
evolution, and Newton’s method [13], [21], [22], [31], [32],
[33], [34], [35]. Here, Newton’s method is applied to solve
(18). The estimation problem first can be converted into an
optimization problem as follows:

min
x

J = h(x)TW h(x) (19)

where the weight matrix is W = diag([ . . . 1/σi . . . ]),
and σi is the standard deviation of the i th measurement.
The best estimated state vector x̂ can be calculated with the
iteration in (20) until convergence [41]

xν+1
= xν

− (HTW H)−1 HTW(h(xν) − z) (20)

where H = ∂h/∂x|x=xν is the Jacobian matrix. The element
H i j at the i th row and the j th column of H represents the
partial derivative of the ith function hi (x) to the j th state x j

in the state vector x, i.e., H i j = ∂hi/∂x j |x j =xν
j
.

IV. APPLICATIONS OF ESTIMATED STATES

With the estimated states, the following parameters and
operating conditions can be obtained, including the mutual
inductances (M1, M2), the load voltages (Ũ 1, Ũ 3), and the
load currents ( Ĩ rx,1, Ĩ rx,3). Based on those estimated variables,
further control can be conducted for better performance of
the system. Here, three typical controls are introduced as
examples, including maximum efficiency control, constant
voltage control, and constant current control, to show the
advantages of mutual inductances and load tracking.

A. Maximum Efficiency Control

From [25], for the 2TX–1RX WPT system, if the two TX
coils are close to identical, and the currents through the TX
coils meet Ĩ tx1/ Ĩ tx2 = k1/k2, the energy transfer efficiency will
reach the maximum. Here, k1 and k2 represent the coupling
coefficient corresponding to the mutual inductances M1 and
M2. With the characteristics of the LCC topology and the
estimated mutual inductances M1 and M2, the input voltage
can be regulated as follows [25]:

Ĩ tx1

Ĩ tx2
=

C1Ṽ in1

C2Ṽ in2
=

k1

k2
⇒

Ṽ in1

Ṽ in2
=

C2k1

C1k2
⇒

Vd1

Vd2
=

C2k1

C1k2
.

(21)

Fig. 5. (a) Input voltage and current of the rectifier. (b) First- and
third-harmonic components of the input current of the rectifier.

B. Constant Voltage Control

With the estimated voltage phasor Ũ 1 at the input of the
rectifier, the dc output voltage Vout at terminals of R can be
approximated as follows:

Vout = πU1/4 − 2VF (22)

where VF is the forward voltage of the diodes in the rectifier.
In fact, the voltage U1 should be proportional to the dc input
power supply voltages [25], namely, Vd1 at transmitter 1 and
Vd2 at transmitter 2. To achieve the constant voltage control
and keep the dc output voltage as Vout,set, the dc input voltages
can be adjusted as Vd1,set and Vd2,set. With the present dc input
voltages Vd1, Vd2, present dc output voltage Vout, and the target
dc output voltage Vout,set, the values of Vd1,set, and Vd2,set can
be calculated as follows:

Vd1

Vd1,set
=

Vd2

Vd2,set
=

Vout + 2VF

Vout,set + 2VF
. (23)

C. Constant Current Control

The estimated current phasors Ĩ rx,1 and Ĩ rx,3 at the input
of the rectifier can be rewritten as Irx1 ̸ ϕ1 and Irx3 ̸ ϕ3,
respectively. The estimated voltage phasor Ũ 1 = U1 ̸ θ1. Here,
we assume irx(t) = irx,1(t) + irx,3(t), since the contributions
of other harmonic components are small and are neglected
for simplicity. Due to the characteristics of the rectifier, the
zero crossing time instant (negative to positive) of u(t) and
irx(t) at which u(t) and irx(t) cross zero is equal, as shown
in Fig. 5(a). If the phase (θ1 + 90◦) is selected as the new
reference, the corresponding phasors become Ũ 1 = U1 ̸ −90◦,
Ĩ rx1 = Irx1 ̸ (ϕ1 − θ1 − 90◦), and Ĩ rx3 = Irx3 ̸ (ϕ3 − θ1 − 90◦).
In this case, the zero crossing time instant (negative to positive)
is equal to 0 for both u(t) and irx(t). With this new reference,
the time-domain waveforms irx(t), irx,1(t), and irx,3(t) are
shown in Fig. 5(b).

Due to the characteristics of the rectifier and the steady state
operation of the system, the dc output current Iout through the
load R can be approximated as the average value of |irx(t)| as
shown in the following equation:

Iout =
1

2π/ωs

∫ 2π/ωs

0
|irx(t)|dt =

1
π/ωs

∫ π/ωs

0
irx(t)dt

=
1
π

∫ π

0

[
Irx,1 sin(ωs t + ϕ1 − θ1)

+ Irx,3 sin(3ωs t + ϕ3 − θ1)
]
d(ωs t)

=
2
π

(
Irx1 cos(ϕ1 − θ1) +

Irx3

3
cos(ϕ3 − θ1)

)
. (24)

Authorized licensed use limited to: ShanghaiTech University. Downloaded on September 26,2024 at 04:49:07 UTC from IEEE Xplore.  Restrictions apply. 



2324 IEEE JOURNAL OF EMERGING AND SELECTED TOPICS IN POWER ELECTRONICS, VOL. 12, NO. 2, APRIL 2024

Fig. 6. Experimental setup.

In fact, with (22) and (24), the value of the load can be
directly calculated as R = Vout/Iout; in this case, the target
output voltage to keep constant current can be calculated,
and the output voltage can be controlled according to (23).
An alternative way is to directly design the control strategy
similar as (23): if one assumes that VF is relatively small and
can be neglected, the dc output current Iout is proportional
to Vd1 and Vd2. To keep the dc output current as Iout,set, the
dc input voltages can be adjusted as Vd1,set and Vd2,set. With
the present dc input voltages Vd1 and Vd2, present dc output
current Iout, and the target dc output current Iout,set, the values
of Vd1,set and Vd2,set can be calculated as (25). Note that the
alternative way is simpler but with slightly larger error after
neglecting VF . In this article, the alternative way is selected
as an example for the constant current control

Vd1

Vd1,set
=

Vd2

Vd2,set
=

Iout

Iout,set
. (25)

V. HARDWARE EXPERIMENTS

This section verifies the effectiveness of the proposed
mutual inductances and load tracking method via hardware
experiments.

A. Experimental Setup

Fig. 6 shows a prototype of the 2TX–1RX LCC-S WPT
system. The topology is as same as that shown in Fig. 1.
According to different practical applications, the output power
and dimension of the system can be scaled up or down.

The two power supplies provide dc input to the circuit with
the initial value as Vd1 = Vd2 = 40 V. The two half-bridge
inverters are controlled with the same strategy. The switching
signals of both inverters are generated with a duty cycle of
0.5. The two TX coils (TX1 and TX2) and one RX coil are
wound using the Litz wire with the same dimension (15 ×

20 cm). The relative locations of TX coils are fixed: there
is an overlap area between TX1 and TX2 as shown in the
figure to decouple the two TX coils (M12 = 0). This strategy
is widely adopted in practical WPT systems to avoid coupling
between TX coils. The location of RX can vary, resulting in
different values of M1 and M2. The rectifier consists of four
diodes (DFLS240L-7), with the forward voltage VF = 0.4 V.
An electronic dc load provides a varying load R for the system.
The other parameters of the system are shown in Table I,
with actual values measured by the LCR meter. The operating

TABLE I
WPT SYSTEM PARAMETERS

frequency is the same as the resonant frequency of the system,
i.e., 100 kHz.

The harmonics (including the fundamental frequency com-
ponent) of measurements vin1, vC1, vin2, and vC2 need to
be extracted for parameter identification. There are many
methods to estimate the harmonics of signals. Discrete Fourier
transform (DFT) and fast Fourier Transform (FFT) are widely
applied to electric machinery and power electronics to analyze
the steady state signals [31], [32]. For power systems, recur-
sive least square (RLS), Kalman filter (KF), and enhanced
phase-locked loop (EPLL)-based method are recursive tech-
niques usually adopted to estimate the time-varying signal
in real time to track the dynamics [36], [37], [38], [39].
In this article, the standard FFT method is applied to extract
harmonics, since the operation of WPT systems can be seen
as steady state. Data acquisitions via the oscilloscope are
one of the ways in the literature to simplify the experiments
[15], [19], [21], [22], [23], [30]. Oscilloscopes are applied
since its high accuracy, sufficient bandwidth, and simple for
such validating experiments. Here, the waveforms of voltage
measurements vin1, vin2, vC1 , and vC2 are sampled and recorded
by the oscilloscope (RIGOL MSO5104). Note that the pro-
posed method does not require any current measurements, and
therefore, the data acquisition procedure is much simplified.
The sampling rate is 5 MHz. The harmonics are extracted
using the waveforms of 5 cycles of the resonant frequency,
i.e., 50 µs. The measured waveforms are then fed into the
computer and analyzed by MATLAB.

B. State Estimation Results

Case 1 (Example Operating Condition): This case verifies
the proposed mutual inductances and load tracking method at
an example operation condition. RX is placed close to the
center of the two TX coils (TX1 and TX2). The vertical
distance between TX and RX is 2.3 cm. The actual values
of the mutual inductances M1 and M2 and the load R are
M1 = 14.6 µH, M2 = 14.1 µH, and R = 30 �. The
actual output dc voltage Vout and current Iout are 21.74 V and
0.7263 A, respectively. Next, the states are estimated using
the available measurements only at the transmitter side (four
voltage measurements), as shown in Fig. 7(a).

With the proposed modeling framework in (17) and the
proposed parameter identification method in (20), the results
of the estimated M1 and M2 are depicted in Fig. 8.

In Fig. 8, the dotted line represents the actual values of
M1 and M2. It can be seen the method quickly converges to
the actual value after only several iterations. The estimated
mutual inductances are M1 = 14.55 µH and M2 = 14.04 µH,
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Fig. 7. Waveforms of measurements. (a) Case 1, first group, R = 30 �.
(b) Case 3, second group, R = 30 �.

Fig. 8. Estimation results of mutual inductances, example operating
condition.

with the estimation error of 0.34% and 0.43%, respectively.
Similarly, other state variables also converge with acceptable
accuracy. The fundamental frequency component of the output
square voltage is estimated as Ũ 1 = 28.169̸ − 91.10◦V.The
RX coil currents are Ĩ rx,1 = 1.157̸ − 93.48◦A and Ĩ rx,3 =

0.1186̸ 4.112◦ A. Therefore, the output dc voltage can be
calculated as 21.32 V according to (22), and the output dc
current can be calculated as 0.7336 A according to (24). The
estimation errors are 1.93% for the output dc voltage and
1.01% for the output dc current.

The way to select initial states values for the iteration proce-
dure is presented below. Since M12 = 0, there are nine states,
i.e., x = [M1, M2, U1, θ1, θ3, Irx,1,r , Irx,1,i , Irx,3,r , Irx,3,i ]. The
initial values are randomly provided with certain boundaries
considering typical operating points of the system, as follows.
U1 ∈ [10 V, 50 V], θ1, θ3 ∈ [−π/2, π/2], Irx,1,r and Irx,1,i ∈

[−2 A, 2 A], and Irx,3,r and Irx,3,i ∈ [−0.2 A, 0.2 A].
M1, M2 ∈ [6, 30 µH] are selected according to the coupling
coefficient k ranging from 0.1 to 0.5. Extensive results prove
that the convergence region for this problem is quite large. For
example, for combinations of initial values such as the lower
boundary x0 = [6 µH, 6 µH, 10 V, −π/2, −π/2, −2 A, −2 A,
−0.2 A, −0.2 A] and the upper boundary x0 = [30 µH, 30 µH,
50 V, π/2, π/2, 2 A, 2 A, 0.2 A, 0.2 A], the algorithm took
14 and 14 steps to converge, respectively. In Fig. 8, the initial
values are selected as x0 = [10 µH, 10 µH, 25 V, π/2, π/2,
1 A, 1 A, 0.1 A, 0.1 A], and it took 13 steps to converge.

The computational burden of the parameter identification
method is also analyzed. From (20), in each iteration step,
the inverse of the matrix HTW H (with dimension of 9 × 9)
and multiplications of several matrices (with dimensions 9 ×

9, 9 × 12, 12 × 12, and 12 × 1) need to be calculated.
Throughout this article, to simplify the experimental settings,
the proposed method is implemented using MATLAB on a
personal computer with Intel i7-7700 CPU. It takes less than
0.5 ms for one iteration step, and the 13 iteration steps are
completed within 7 ms. For this example, operating condition

Fig. 9. Estimation results of mutual inductances, various loads.

Fig. 10. Estimation results of output dc voltages and currents, various loads.

(case 1), the proposed method has also been implemented
in a commonly used microcontroller TMS320F28335 based
on a 32-bit MCU with an operating frequency of 150 MHz
(6.67 ns per cycle). It takes 268 139 cycle for one iteration step
(268 139 × 6.67 ns = 1.79 ms), and the 13 iteration steps takes
3 467 512 cycle (3 467 512 × 6.67 ns = 23.1 ms). The FFT
analysis takes 38 803 cycle (38 803 × 6.67 ns = 0.259 ms).
One can observe that the computational burden of the proposed
method is not quite high, since the dimensions of matrices for
inverse and multiplication are relatively small. It should also
be noted that, for different applications and different types of
microcontrollers, whether the computational burden can meet
the practical requirement should be further evaluated.

Case 2 (Variation of Loads): This case demonstrates the
state estimation results with various loads. The value of the
load R varies from 15 to 50 �, with the step size of 5 �.
Other system parameters keep the same as those in Case 1. The
actual mutual inductances are still M1 = 14.6 µH and M2 =

14.1 µH. For each load, similar to case 1, the corresponding
mutual inductances M1 and M2 and the voltage and current
phasors of the receiver Ũ 1, Ĩ rx,1, and Ĩ rx,3 can be estimated
through several iterations. Afterward, the output dc voltage
Vout and current Iout are calculated according to (22) and (24),
respectively.

The estimated results of M1 and M2 with various loads
are depicted in Fig. 9. One can observe that most estimated
inductances are very close to the actual values, and the errors
tend to increase when the value of R is too large or too small.
The average absolute errors of M1 and M2 are 2% and 1.9%,
respectively.

Fig. 10 depicts the estimated output dc voltages and currents
Vout and Iout with various loads. In fact, load-independent dc
voltage output is one of the merits of LCC topology, as one
can observe that the blue dotted line is close to horizontal
when the input voltages are constants and the load varies. As a
result, the output current Iout will decrease while R increases.
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From Fig. 10, the estimated output dc voltages and currents
are consistent with the actual values. The average absolute
estimation errors are around 2% for Vout and 3% for Iout. Note
that even with load-independent characteristics of the output
voltage, the constant voltage control in Section IV-B is still
valuable: the output voltage can be regulated to a user-defined
value Vout,set. Detailed experimental verification can be found
in Section V-C.

Case 3 (Variation of Mutual Inductances): To further verify
the effectiveness of the proposed method, the experiments
with three groups of mutual inductances are conducted, with
three different positions of RX. The first group of mutual
inductances (position 1) is the same as that in cases 1 and 2,
i.e., M1 = 14.6 µH and M2 = 14.1 µH. The second group is
achieved by moving RX horizontally to the right, 2 cm away
from the center line (position 2). As a result, the coupling
between TX1 and RX decreases, while the coupling between
TX2 and RX increases: M1 = 9.5 µH and M2 = 19.4 µH.
The third group is achieved by moving RX horizontally to the
left, 1.7 cm away from the center line; at the same time, the
vertical distance increases from 2.3 to 3 cm (position 3). As a
result, M1 = 16.1 µH and M2 = 9.0 µH. For each position
of RX, the load varies from 15 to 50 �, with a step size
of 5 �. Fig. 7(b) shows the measurement waveforms of an
example case in the second group (position 2), and in this case,
the load is 30 �. It can be seen that the voltage across the
capacitances vC1(t) and vC2(t) also deviates from the example
case in the first group, as shown in Fig. 7(a). The reason lies
in the mutual inductance variation. Fig. 11(a)–(c) shows the
parameter identification results of mutual inductances M1 and
M2, Vout, and Iout , respectively, with different positions of
RX and different loads. One can observe that the estimation
results of mutual inductances are quite accurate and are close
to the actual values. The average estimation errors of M1 and
M2 are 1.91% and 1.75%, respectively. The values of Vout and
Iout can also be accurately estimated, with average errors of
3% and 2.8%, respectively. The results indicate the estimation
method can work accurately with various mutual inductances.

C. Control Applications

This section verifies the control applications enabled by
the proposed mutual inductances and load tracking method,
including the maximum efficiency control, constant voltage
control, and constant current control. Note that the proposed
method is only based on measurements at the TX side, and
no communication channels between the TX and the RX side
are required. This property greatly enhances the flexibility and
practicability of the controls.

Application 1: (Maximum Efficiency Control): This section
verifies the maximum efficiency control based on the estimated
mutual inductances. The load R is set as 25 �, and RX is
at position 1 (M1 = 14.6 µH and M2 = 14.1 µH). The
initial dc voltage inputs are set as Vd1 = Vd2 = 44.8 V to
make sure that the measured dc voltage output Vout = 24 V.
In this case, the output power is fixed as Pout = V 2

out/R =

23.04 W. With the estimated M1 and M2 according to the
proposed method, the calculated coupling coefficients k1 and
k2 are 0.25 and 0.24, respectively.

Fig. 11. Estimation results, various mutual inductances. (a) Estimation results
of mutual inductances, different M and R. (a.1) Position 1. (a.2) Position
2. (a.3) Position 3. (b) Estimation results of output voltage, different M
and R. (b.1) Position 1. (b.2) Position 2. (b.3) Position 3. (c) Estimation
results of output current, different M and R. (c.1) Position 1. (c.2) Position 2.
(c.3) Position 3.

Fig. 12. Power transfer efficiency with different TX current ratios.

Next, to verify the maximum efficiency according to (21),
different operating conditions with different combinations of
Ĩ tx1 and Ĩ tx2 are considered (other parameters of the system
remain the same). The input power from the two dc power
supplies and the output power to the load can be measured
by the power analyzer N4L PPA5530, and the efficiency of
the system is recorded. To make those operating conditions
comparable, the measured dc voltage output is fixed as Vout =

24 V; or equivalently, the measured output power is fixed
as 23.04 W. Different operating conditions with different
combinations of Ĩ tx1 and Ĩ tx2 are achieved by regulating the dc
voltage inputs Vd1 and Vd2. According to (21), the maximum
efficiency should be achieved when Ĩ tx1/ Ĩ tx2 = k1/k2 = 1.04 or
Vd1/Vd2 = (C2k1)/(C1k2) = 1.24.

Fig. 12 shows the efficiency with different ratios of TX
currents Ĩ tx1/ Ĩ tx2. The current ratio varies from 0.3 to 1.9,
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Fig. 13. Constant voltage control results, different M and R. (a) position 1.
(b) position 2. (c) position 3.

with a step size of 0.2. From the figure, when the current
ratio ranges from 1 to 1.3, the overall efficiency is around the
maximum value of 91.7%; the efficiency decreases when the
current ratio is less than 1 or is larger than 1.3. The results in
this figure are consistent with the theoretical analysis where
the maximum efficiency is achieved at around 1.04. Note that
the maximum efficiency control of (21) only considers the
efficiency of coils. The power loss of the rest of the system
such as the inverter and the rectifier could also affect the
measured efficiency in Fig. 12.

Application 2 (Constant Voltage Control): The constant volt-
age control is applied for the system of case 3 in Section V-B,
where the target dc voltage outputs include 12, 24, and 30 V,
the position of RX includes positions 1–3, and the load
varies from 15 to 50 �. For each case with different loads
at different RX positions, with the estimated voltage phasor
Ũ 1 from the proposed method, the dc voltage output Vout is
estimated according to (22). Afterward, with the present dc
voltage inputs Vd1 and Vd2, the target dc voltage inputs Vd1,set,
and Vd2,set can be calculated according to (23). For example,
when Vd1 = Vd2 = 40 V and R = 30 �, with the available
measurements at the transmitter side, the estimated value of
Vout is 21.32 V. To achieve the target voltage output Vout,set =

30 V, according to (23), Vd1,set and Vd2,set should be equal to
55.70 V. The constant voltage output independent of load is
naturally satisfied due to the LCC-S topology. The results of
the constant voltage control are shown in Fig. 13. The circles
in red, light blue, and dark blue represent the regulated output
with the target Vout,set as 30, 24, and 12 V, respectively. It can
be observed that the measured output voltages are close to
the target output voltages under different operating conditions.
Also, by comparing Fig. 13 with Fig. 11(b), the importance of
adopting the constant voltage control is also clearly demon-
strated: the output voltage can be accurately adjusted to a
user-defined value. Therefore, the effectiveness of the constant
voltage control based on the estimated states is validated.

Application 3 (Constant Current Control): The constant cur-
rent control is applied for the system of case 3 in Section V-B,
where the target dc current outputs include 0.6, 0.8, and 1 A,
the position of RX includes positions 1–3, and the load varies
from 15 to 50 �. Similarly, here the dc voltage inputs are
adjusted according to the estimated states for each target dc
current output, RX position, and load, with Vd1 = Vd2 = 40 V.
For each case with different loads at different positions, with
the estimated current phasor Ĩ rx1 and Ĩ rx3 from the proposed
method, the dc current output Iout is estimated according to

Fig. 14. Constant current control results, different M and R. (a) position 1.
(b) position 2. (c) position 3.

(24). Afterward, with the present dc voltage inputs Vd1 and
Vd2, the target dc voltage inputs Vd1,set and Vd2,set to achieve
Iout,set can be calculated according to (25). For example, when
Vd1 = Vd2 = 40 V and R = 30 �, with the available
measurements at the transmitter side, the estimated value of
Iout is 0.734 A. To achieve the target current output Iout,set
= 0.6 A, according to (25), Vd1,set and Vd2,set should be
equal to 32.69 V. The results of constant current control are
shown in Fig. 14. The circles in red, light blue and dark blue
represent the regulated output current Iout with the target Iout,set
as 1, 0.8, and 0.6 A, respectively. It can be observed that the
measured output currents are close to the target output currents
under different operating conditions. It is worth noting that,
the reason for not conducting the constant current control
when Iout = 1 A (R ≥ 40 �) and Iout = 0.8 A (R =

50 �) is the physical limitations of the voltages across the
rectifier diodes: to avoid breakdown of diodes. Also, weak
coupling between TX and RX will affect the accuracy of
constant current control. Comparison between Figs. 11(c) and
14 also indicates the importance of constant current control:
the output current becomes almost load-independent and the
current value can be adjusted according to the settings. These
results verify the accuracy of the proposed estimation method
and the effectiveness of the constant current control.

D. Discussions on Combinations of Controls
In Section V-C, three control methods are presented sepa-

rately as examples. During the constant voltage control and
constant current control, the input voltages Vd1 and Vd2 are
assumed to be equal to simplify the demonstrations. However,
the ratios of Vd1 and Vd2 can also be adjusted to achieve
maximum efficiency control. In this case, combinations of
controls can also be achieved.

For example, to achieve maximum efficiency and constant
current output at the same time, the control includes three
steps. First, with example input voltages, the estimation pro-
cedure can identify the mutual inductances M1 and M2, and the
optimal ratio between Vd1 and Vd2 can be calculated according
to (21), to ensure maximum efficiency. Second, Vd1 and Vd2
are adjusted to meet the optimal ratio, and the system states are
estimated again to calculate Iout according to (24). Third, the
values of Vd1,set and Vd2,set can be calculated according to (25),
and the input voltages are adjusted. This control procedure can
ensure maximum efficiency and constant output current at the
same time. The experimental results are similar as those in
Section V-C.
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Fig. 15. Estimation error in percentage (%) of mutual inductances and
outputs, with measurement error.

VI. DISCUSSION

This section makes further discussions. First, the robustness
of the proposed parameter identification method is examined
by introducing measurement errors and parameter errors. Sec-
ond, the applicability of the proposed method to multi-TX
WPT systems and the practicability for load modeling are
discussed. Third, the proposed method is compared with other
existing parameter identification methods. Finally, the limita-
tions of the proposed method and future work are discussed.

A. Measurement Error

In this section, the 5% measurement error is added to the
measurement phasors to study the effect of measurement errors
on the parameter identification accuracy, including two cases
for TX1. Case 1 adds 5% measurement error to phasors of
vin1,1(t), where Ṽ in1,1 becomes 1.05Ṽ in1,1 and Ṽ in1,3 becomes
1.05Ṽ in1,3. Case 2 adds 5% measurement error to phasors of
vC1(t), where Ṽ C1,1 becomes 1.05Ṽ C1,1 and Ṽ C1,3 becomes
1.05Ṽ C1,3. Here, the system settings are the same as the
case 2 in Section V-B, where the RX is at position 1 and
R ranges from 15 to 50 � with an interval of 5 �. The
estimation errors (in percentage) of states in the two cases
with 5% measurements error are shown in Fig. 15.

The result shown in Fig. 15 indicates that the maximum
absolute estimation error for M1, M2, Vout, and Iout is around
10% for both case 1 and case 2. One can also observe that
the measurement error of vC1(t) is less influential than that of
vin1,1(t), especially for the estimation of variables M2, Vout,
and Iout.

B. Parameter Error

Actual parameters of components such as capacitances in
WPT systems could deviate from their nominal values. Here,

Fig. 16. Estimation error in percentage (%) of mutual inductances and
outputs, with parameter error.

three cases with 5% parameter error are studied. In cases 1–3,
the nominal values of C1, Ctx1, and Crx in model (18) change
to 1.05 times of their actual values, respectively. The actual
values of the capacitances remain unchanged. The estimation
error (in percentage) of states in the three cases with 5%
parameters error are shown in Fig. 16. The maximum absolute
estimation errors for M1, M2, Vout, and Iout is around 8% for
all three cases. The results show that the parameter error of
C1 has the largest impact on the estimation accuracy. Also,
the impact of Ctx1 and Crx increases with lighter loads (larger
value of R).

C. Applicability to Multi-TX WPT Systems

This article validates the proposed mutual inductances and
load identification method in 2TX–1RX WPT systems. In fact,
the parameter identification method can be similarly applied
to multi-TX–1RX WPT systems with a similar modeling and
parameter estimation procedure as in Sections II and III.
First, the transmitter side model of the multi-TX WPT system
includes m complex equations (each equation corresponds to
each coil), where m is the number of TX coils. The format
is similar to the model in (1), where m = 2 in (1). Then, the
receiver side model of multi-TX WPT systems is the same
as the equivalent square wave source model in (10). The
additional equation describing the relationship between the
nth harmonic component magnitude Un and the fundamental
component magnitude U1 is the same as (13). Here similarly,
the first- and third-harmonic components can be utilized to
build the overall model. Finally, combine the transmitter side
model (4m real equations), the receiver side model (four real
equations), and the additional equation (one real equation),
there will be (4m + 5) real equations. With the iteration
procedure in (20), the parameters can be solved.

To demonstrate the applicability of the parameter identi-
fication method to multi-TX–1RX WPT systems, here the
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TABLE II
PARAMETERS OF MULTI-TX WPT SYSTEM

Fig. 17. Estimation results of mutual inductances, 4TX–1RX.

simulation results of a 4TX–1RX WPT system are shown as
an example. The parameter settings are shown in Table II.
The other settings are the same as those of case 1. Note that
here the mutual inductances among TX coils are also added
to cover general scenarios.

For the 4TX–1RX WPT system, the estimation results of
mutual inductances (M1, M2, M3, and M4) between the trans-
mitters and the receiver are shown in Fig. 17. The estimated
outputs are Vout = 38.215 V and Iout = 1.275 A, while the
actual outputs are Vout = 38.225 V and Iout = 1.274 A.
Estimated mutual inductances among the TX coils are M12 =

2.14 µH, M13 = 2.02 µH, M23 = 2.03 µH, M14 = 2.02 µH,
M24 = 2.03 µH, and M34 = 2.06 µH. The estimation errors
of voltage/current outputs and M1–M4 are smaller than 1%.

The above results demonstrate the applicability of the
proposed method for multi-TX–1RX systems. However, there
are other issues to be considered in practice. First, when
the number of TX coils increases significantly, the number
of mutual inductances among transmitters will also increase
significantly. In those cases, the number of unknown mutual
inductances among transmitters can be minimized by observ-
ing the following facts: 1) the mutual inductance could be
neglected if two transmitters are far from each other and
2) many mutual inductances are identical from the symme-
try of the coil arrangements. Second, the above parameter
identification idea can be potentially extended to 1TX–multi-
RX and multi-TX–multi-RX WPT systems. However, for
1TX–multi-RX and multi-TX–multi-RX WPT systems, the
number of states further increases while the measurements
could be limited. As a result, for each scenario, it is still
necessary to strictly verify whether the redundancy is adequate
to identify all the parameters of interest at the same time.
Those issues should still be carefully investigated in the future.

D. Comparison to Existing Methods

Existing methods usually require techniques such as
communication from receiver, auxiliary circuit, off-resonant
frequency operation, and frequency sweeping. Some meth-
ods are designed to estimate only mutual inductances and

TABLE III
COMPARISON TO OTHER PARAMETER IDENTIFICATION METHODS

assume known values of loads. Also, some methods are
designed for 1TX–1RX WPT systems instead of multicoil
WPT systems. Instead, the proposed method in this article
can estimate mutual inductances and load at the same time,
is compatible with resonant frequency operation, and the
hardware cost/implementation complexity is minimized. The
comparison between the proposed method and the existing
methods is summarized in Table III.

E. Practicability for Load Modeling

In this article, the load part of the WPT system includes the
rectifier, the capacitor C0 and the load R, where the load R is a
pure resistor. In practice, besides constant resistance (CR) load,
there are also constant voltage (CV), constant current, and
constant power (CP) loads. Regardless of the load type, since
the system is with dc voltage and current outputs, the load can
always be equivalent to a resistor R at one operating point,
and consideration of the equivalent inductance and capacitance
within the load is not necessary. Utilizing the pure resistive
load model is also widely accepted in the literature [11], [12],
[13], [14], [15], [16], [17], [18], [19], [20], [21], [22], [23],
[24], [26], [27], [28], [29], [30].

Indeed, during CV or CP load condition, the equivalent
resistor R will vary at different operating points of the system.
In this article, the proposed method can accurately estimate the
output voltage and current during various load conditions. For
example, case 2 in Section V-B can be equivalently seen as the
CV load condition, where the output voltage, output current,
and equivalent load resistor can still be accurately estimated.
Therefore, this article adopts the pure resistive load model.

F. Limitations and Future Work

For simplicity, this article adopts an oscilloscope for
data acquisition and MATLAB for algorithm implementation.
According to the computational burden analysis in Section V,
although the proposed method is an iterative method, it can
still be potentially implemented in other platforms such as DSP
or FPGA. Also, to further reduce the algorithm complexity and
avoid the risks of divergence, analytical instead of iterative
solutions of parameters are valuable and will be studied in the
future.

In addition, from Sections VI-A and VI-B, one can observe
that the measurement error and parameter error will affect the
parameter identification accuracy to some extent. To minimize
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measurement errors, advanced filtering and amplification cir-
cuits could be designed [42]. To minimize parameter errors,
one can conduct parameter calibration for the WPT sys-
tem before operation or propose methods that can estimate
capacitor parameters and the mutual inductances/loads at
the same time. Moreover, other formulations of parameter
identification approaches that show more robustness toward
measurement/parameter errors are attractive.

Finally, the proposed parameter identification method is
derived based on steady-state operation of the system and
is verified during steady state. During fast dynamics such as
abrupt changes of loads or mutual inductances, the correctness
of the steady-state assumption depends on the time constant
of those dynamics and the requirement of time resolution of
the parameter identification approach. Parameter identification
methods that can track fast dynamics of parameters may still
needs further investigation in the future.

VII. CONCLUSION

This article proposes a parameter identification method to
identify the mutual inductances and load for 2TX–1RX LCC-S
WPT systems. The method first builds a model to describe the
physical laws of the transmitter and receiver sides of the WPT
system, with consideration of the fundamental frequency and
third harmonics of the system. This article rigorously derives
the reason for parameter dependency (infinite solutions of
parameters) for the equivalent resistor load modeling at the
resonant frequency and presents a harmonic-based modeling
method to ensure unique solutions of mutual inductances
and load. After modeling the system, a state estimation
method is applied to solve the unknown states, including the
mutual inductances and load information. With the estimated
parameters, maximum efficiency control and constant output
voltage/current controls can be implemented. The proposed
method only requires transmitter-side voltage measurements
without any information from the receiver side and has no
restrictions on the operating frequency of the system (includ-
ing the resonant frequency). Hardware experimental results
verify the effectiveness of the proposed parameter tracking
method and control applications.
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