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Steady-State Simulation and Optimization of Class-E
Power Amplifiers With Extended Impedance Method
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Abstract—This paper proposes a new iteration-free steady-state
analysis to the Class-E power amplifier (PA) in frequency-domain
by extending the scope of electrical impedance. Owning to this
extension, the impedances of different circuit components in the
Class-E PA circuits, including the active switches, can be expressed
in matrix form. Based on the conventional circuit laws, e.g., the series and parallel laws and the Ohm’s law, the steady-state characteristics of a whole Class-E PA circuit can be obtained by vector
and matrix manipulation. The number of harmonics involved in
the calculation have effects on the computational efficiency and accuracy. The influences of some circuit conditions towards the selection of harmonic number are discussed. The proposed formulation enables fast mapping of some performance indices, e.g., the
output power and conversion efficiency, under steady state, so that
the changing trends of these indices with respect to the variations
of specified circuit parameters can be estimated. This feature can
be utilized to carry out offline optimization by tuning some passive
components, or online optimization by tuning two in situ adjustable
parameters, i.e., the switch driving frequency and duty cycle. The
later scheme provides preliminary knowledge on the in situ tuning
of Class-E PA in the load varying applications, e.g., electric process
heating and wireless power link.
Index Terms—Class-E power amplifier, extended impedance
method, frequency-domain analysis, optimization.

Fig. 1. Single-ended Class-E power amplifier.

Fig. 2. Block diagrams. (a) Conventional. (b) New.

The conversion efficiency of Class-E PA is specified as

(1)

I. INTRODUCTION

F

IRST introduced in 1975, the Class-E power amplifier
(PA) is a kind of resonant inverters that convert dc to ac
[1]. It is outstanding for its high conversion efficiency and good
performance in high frequency and large power applications,
e.g., output stages of radio transmitters [1], high-frequency electric process heating [2], and transcutaneous power and data links
for implanted biomedical devices [3].
Fig. 1 shows the circuit topology of the single-ended
Class-E PA. The presence of the switching component, e.g.,
the MOSFET in Fig. 1, adds difficulty to its analysis. In the
previous studies, the switching component was modeled as
an ideal switch and these six components were divided into
three blocks: active switch, load network, and load [1], [4]. The
conventional block diagram is shown in Fig. 2(a).
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and
are the average input power from the dc
where
supply and the average power consumed by the load resistor
, respectively. Assuming all the components in the load network are ideal capacitors and inductors, the difference between
and
is
, the power dissipated by the active switch.
is minimized.
The efficiency is maximized when this
Sokal specified details of the conceptual “target” waveforms
for the voltage across and current thought the switch [1], [4].
These specifications make sure that high voltage and high current do not exist at the same time, so that the switch dissipation
can be minimized. The Class-E conditions, i.e., zero-voltage
switching (ZVS) and zero-derivative switching (ZDS) embody
these waveform targets for the single-ended Class-E PA.
The design of the Class-E PA can be broken down into two
steps: a) steady-state analysis, i.e., to obtain the steady-state
characteristics, e.g., voltage waveform, output power, conversion efficiency; b) optimization, i.e., to optimize specific performance indices by tuning some circuit parameters based on
the steady-state results.
It should be noted that, even the ZVS / ZDS nominal conditions are usually regarded as the objective of optimization, i.e.,
taking the switching-on voltage and its derivative as the target
performance indices; they are not the only set of objective for
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optimization. Sokal pointed out the difference between the nominal and the optimum (in conversion efficiency) operations [4].
The conversion efficiency, as given by (1), is another possible,
also the most direct, optimization objective.
Many different approaches were proposed for the design of
Class-E PA. Generally, in terms of the design methodologies,
they can be classified into three groups.
a) Analytical approaches: In the studies with these approaches, the steady-state waveforms at nominal operation are usually presumed under some ideal assumptions.
The design equations were analytically derived from
the waveform descriptions [1], [4]–[10].1 Some studies
also investigated the design procedures at off-nominal
operation [11], [12]. Under the nominal or off-nominal
premise, the analytical approaches provide a very efficient way to determine the circuit parameters. Outside
these conditions, the analytical approaches might be
utilized to analyze the steady-state behavior [13]; but
difficult to provide optimization, in terms of conversion
efficiency. No analytical optimization (in conversion
efficiency) procedure yet exists, as stated in 2001 by
Sokal [4].
b) Time-domain numerical approaches: General-purpose
simulation tools, e.g., PSpice, can provide accurate
steady-state characteristics of a Class-E PA circuit under
arbitrary conditions; yet, the computational efficiency is
low. Specific time-domain approaches were developed
for the Class-E PA circuit steady-state analysis [14], [15]
and optimization [16]–[19]. All of these studies started
from deriving the time-varying state equations, whose
solutions yield the steady-state behavior of a Class-E PA.
Several fast time-domain simulation algorithms proposed
for general switching converters might accelerate to
obtain the solutions by approximating the state transition
matrices with polynomials [20], using the waveform-relaxation technique [21], or averaging the high order
harmonics [22] (called fast variables). Yet, iteration is
still unavoidable for solving the differential equations.
Numerical optimization also requires iteration. Nested
iteration loops cost considerable computational effort.
Sekiya et al. combined both simulation and optimization
in a single iteration; the computation time is around
several hundred seconds [17].
c) Frequency-domain numerical approaches: Frequency-domain approaches can be utilized to analyze periodically
switched linear circiuts [23]. In the studies on Class-E
PAs, most of the frequency-domain analyses were based
on the harmonic balance (HB) technique [24], [25].
Alternatively, Sivakumar and Eroglu performed the
analysis with small number of harmonics by taking the
time-domain boundary conditions as optimization objective under arbitrary loading and operation conditions
[26]. Iterative procedures are required to carry out the
steady-state analyses in [25], [26]. For general resonant
converter circuits, a technique called state-space aver1In some approaches, experimental measurements [1], [4] and numerical solution [10] were also employed as complement to yield the design equations.

aging was discussed [22], [27], [28]. The principle is
similar to HB for general nonlinear circuits [29]. This
technique allows the transformation of time-varying
state-space equation into conventional time-invariant
one. This averaging technique was further developed
[30], [31] by replacing the harmonic basis into wavelet
one, which allows better description on the fast variations
near the switching instants. No numerical iteration is
required to obtain the waveform description; yet, their
proposal in fact was not simulation, but waveform approximation based on the preknowledge on the exact
waveforms.
There is no doubt that, under fixed load condition, many approaches, derived with different theories, provide practicable
methodologies for the design of nominal Class-E PA. Nevertheless, from the viewpoint of some applications, e.g., electric process heating [2], [32], and transcutaneous power link
[3], [33]–[37], the PA should also deal with the load variation
problem, which might violate the nominal conditions and reduce the conversion efficiency from time to time. The influence
of load variation on the conversion efficiency degradation can
be alleviated by modifying the load network configuration [2],
[32], or retuning the PA by adapting some in situ adjustable
parameters. The switch driving frequency [33], [37] and duty
cycle [3], [34]–[36] are two in situ adjustable parameters. In
particular, the self-adapting configurations, which tune the duty
cycle to track the zero-crossing point of the switch voltage, were
investigated [3], [34]–[36]. But once the nominal operation is
violated because of the load variation, it seems unable to be
reestablished by only tuning the duty cycle. In order to better
implement in situ tunable Class-E PAs, the intrinsic relations
between circuit parameters and performance indices, in particular conversion power and efficiency, under arbitrary loading
conditions are of necessity. The analytical approaches have limitations for this purpose; numerical approaches with light computational burden are desired.
As mentioned above, up to now, most the steady-state
analyses for Class-E PAs in both time-domain and frequency-domain involve iteration procedure. Starting from a
different point of view, compared to all the previous studies,
we propose an iteration-free technique for steady-state analysis
of Class-E PAs. The technique is illustrated in the new block
diagram shown in Fig. 2(b). Since all components except the
switch in the Class-E PA circuit can be conformably expressed
and calculated in terms of electrical impedance, we extend
the scope of conventional impedance, and come up with a
suitable expression that can incorporate the periodic switching
component as a special kind of impedance. With this method,
we are able to consider the Class-E PA circuit network as a
whole, a combination of impedances, rather than separating
them into three blocks. We call this methodology as extended
impedance method.
Since impedance is a frequency-domain approach usually
used in ac circuit analysis, this extended impedance method is in
fact a frequency-domain analysis. Nevertheless, different from
the HB and averaging techniques, which start from the circuit
level point of view, this technique starts from the component
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level point of view. By obtaining the frequency expression of
every component, the circuit can be analyzed with conventional
transfer function approach, rather than state-space approach.
More in-depth comparison is provided in Section V.
The switching component considered in this paper is an
ideal switch without nonlinear effects. Recent Class-E PAs
use MOSFET as the switching component. The effect of a
switching MOSFET is modeled into three elements: the switch
(with on-resistance and transition resistance between on and
off states) [14], the anti-parallel diode, and the nonlinear shunt
capacitance. Therefore, following assumptions are made for
the analysis: a) no anti-parallel diode; b) no nonlinear shunt capacitance. Apart from those, this extended impedance method
allows all other nonideal factors, including finite choke inductor, any , any duty cycle, nonzero on-resistance, nonzero
rise and fall time for the switch, nonzero equivalent series
resistances (ESRs), tuned or untuned.
This paper is organized as follows. Section II introduces the
principle of the extended impedance method. Section III shows
how steady-state analysis of Class-E PAs is carried out with this
method. Based on the steady-state results, Section IV investigates the optimization of Class-E PAs in two schemes: conventional optimization towards the nominal operation; new optimization towards in situ tuning against load variation. Section V
provides more insight to the proposed method by comparing it to
the other frequency-domain approaches. Section VI concludes
the paper.
II. EXTENDED IMPEDANCE METHOD
The analysis starts from extending the conceptual scope of
impedance, so that the electrical property of the active switching
component in a Class-E PA circuit can be modeled as a special
kind of impedance.

A. Time-Dependent Resistor
In Class-E PA circuit analyses, the active switch was often
modeled as a time-dependent resistance [7], [14]–[16], [18],
[24], [25]. Fig. 3(a) shows the equivalence of a time-dependent resistor
, while its time-dependent characteristic is illustrated in Fig. 3(b).2 An ideal double terminal switch switches
the resistance value of
between
(ON state) and
(OFF state) with the period of . The duty time, i.e., ON-state
interval, in every period is
, and initial phase is related to .
In order to simplify the analysis, one of the switch-on instants
is set to be time origin, i.e., let
. Thus,
can be expressed as
,
(2)
,
2The switching rise time and fall time are not considered in this paper. But
they can be taken into consideration by changing the two-phase time-dependent
resistor, shown in Fig. 3(b), into a more general four-phase one, which was
introduced in [14].

Fig. 3. The switching component modeled as a time-dependent resistor
(a) Equivalence of
. (b)
as a square wave function of time.
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Note that, for every instant,
is pure resistance; therefore,
applying the Ohm’s law, we can have the following relation:

(3)
where
denotes the voltage across
and
denotes
the current flowing through
, as shown in Fig. 3(a).
Since the multiplication of two signals in time-domain corresponds to the convolution of their representations in frequencydomain. The relation given by (3) now can be described in frequency-domain with
(4)
where
,
and
are the counterparts of
,
and
in frequency-domain, respectively.
For periodic functions, their frequency expressions, i.e.,
Fourier transforms, are discretely combined with infinite impulses at their harmonic frequencies. For instance, the Fourier
transform of periodic
is

(5)
where
is the fundamental frequency, so
denotes the impulse at the th harmonic frequency, and
is
the th Fourier coefficient of
. Since
is a real function of time, the coefficients
and
are a pair of complex conjugates. Likewise, the frequency representations of periodic
and
can be obtained. Their th Fourier coefficients are designated as
and
, respectively. In particular, for
given in (2)
,
others,

(6)

is the duty cycle of the square wave driving
where
signal.
With periodic
,
and
, the convolution in (4)
can be specified as the discrete convolution of their Fourier coefficients, i.e.,
(7)
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and matrix form. Different from
, the truncated matrix of
ordinary impedance is diagonal.
In addition, the admittance in matrix form is defined as

or can be alternatively expressed in vector and matrix form
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(13)
The conventional series and parallel laws can be also extended
and
are connected in
to matrix form. For instance, when
series, their total impedance is
(14)
When they are connected in parallel, the total impedance becomes

..
.

(15)
..
.
(8)
..
.

By extending the scope of impedance, expressions on the
electrical properties of active switch and ordinary impedance
are now unified. An unprecedented convenience has been
brought to the analysis of Class-E PA.

..
.

III. STEADY-STATE ANALYSIS

Substituting the elements in (8) with the corresponding values
given by (6), the frequency-domain expression of the electrical
property of a time-dependant resistor can be obtained.

A. Circuit Description
With the definition in Section II, the whole Class-E PA circuit
in Fig. 2(b) can be regarded as a combined impedance

B. Impedance in Matrix Form
Assuming that most of the power concentrates at the harmonics whose orders are lower than a critical value of , neglecting other harmonics out of this range, the periodic voltage
and current
can be represented in frequency-domain
by vectors that are built up by their truncated Fourier series, i.e.,
(9)
(10)

(16)
in which
(17)
Fig. 2(b) gives the denotations of all the impedance matrices in
the circuit; while Fig. 1 shows all the voltages and currents.
According to (9), the vector expression of the dc supply
can be constructed as
voltage

where the superscript T denotes vector transpose. To maintain
the multiplication relation, the matrix in (8) should also be truncated to be a square matrix with the dimension of
. Thereupon, the truncated version of (8) is

(18)

(11)

This vector have only one nonzero element. The vector expression of the Class-E characteristic waveform
is

where

is the square matrix of
..
.
..
.

..

.

..

.

..

.

..
..

.

.

(19)
..

.

..

.

..

.

The corresponding time-domain waveform of
tained by doing Fourier series expansion, i.e.,

..
.

can be ob-

(12)
..
.

Similarity can be observed by comparing (11) to the wellknown Ohm’s law. We define the matrix given by (12) as the
impedance of the time-dependent resistor. The Ohm’s law on
ordinary impedance can also be expanded into truncated vector

(20)
Likewise, other characteristic voltage and current waveforms
can be obtained with basic circuit laws. Waveforms do intuitively show the steady-state working condition; yet, for the optimization towards the nominal conditions, i.e., ZVS and ZDS, it
is not necessary to obtain the waveforms over the entire period.
The information at the switching-on instant is of most concern.
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Since
in Fig. 3(b) was set to zero, one of the switching-on instants locates at the time origin. Therefore, from (20), the swithcing-on voltage and its derivative are
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TABLE I
CIRCUIT PARAMETERS OF A NOMINAL CLASS-E PA

(21)

(22)
When both (21) and (22) equal to zero, the nominal conditions
are satisfied.
Besides simulating the steady-state waveforms, the supplied
power and load power at steady state can also be calculated

The parameters are generated by the software named “ClassE” [38], which
is based on the revised design equations presented in [4].
The duty cycle is changed into 30% to show the simulation of a more
general case of the Class-E PA circuit.

(23)
(24)
Both
and
are scalars. Substituting these two power
expressions into (1) yields the conversion efficiency .
B. Simulation
Table I gives the circuit parameters of a 50% duty cycle
nominal Class-E PA. To better show the performance of the
impedance method on steady-state simulation, in this paper,
we consider a more general case, i.e., under untuned condition,
by changing the duty cycle from 50% to 30%. The simulated
characteristic
and
waveforms are shown in Fig. 4.
General-purpose simulation tools, although being inefficient
in simulating the steady-state response, are good to provide
accurate result. Therefore, here we use the PSpice simulation
result (stop time 1 ms; max step 0.1 ns; simulation time 139.97 s
on an Intel Core2 2.4 GHz PC) as the reference for comparison.
From the two subfigures in Fig. 4, the results with impedance
method approach the PSpice one when
is getting larger.
When
, the
waveforms obtained under the two
simulations almost overlap. However, for the
waveform,
a lot of ripples can be observed near the steep changes. The
ripples can be reduced by involving more harmonics in the
simulation, i.e., increasing .
Besides the waveforms, the calculated input and output
powers as well as the conversion efficiency under different
are shown in Fig. 5. Besides the above-mentioned PSpice result, another coarser but faster obtained result (stop time 25 s;
max step 1 ns, simulation time 0.89 s), when the PA just enter
the steady state, is employed in the comparison. The average
powers in PSpice simulation are obtained by integrating the
exported data on instant power. It can be observed that the
results obtained by impedance method approach the fine PSpice
result very well when
. To involve 40 harmonics in the
analysis seems a huge computational burden with some previous approaches [26]. Nevertheless, the iteration-free extended
impedance method finishes this task in 3.7 ms. This simulation
time is 37830 times less than the fine PSpice simulation, which

Fig. 4. Simulated

and

waveforms under different dimension

Fig. 5. Simulated power and efficiency under different dimension

.

.

gave a similar estimation on the powers and efficiency; and 240
times less than the coarse PSpice simulation, which gave a less
accurate estimation on the powers and efficiency, as illustrated
in Fig. 5.
Fig. 6 gives the evaluation on the run time of a MATLAB
program, which is designed to fulfill the above simulation tasks
(including inverse Fourier transforms) under different . The
program is run on the same Intel Core2 2.4 GHz PC. By fitting
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Fig. 6. Simulation time as a cubic function of harmonics level

.

the samples, we know that the simulation time
increases
as a cubic function of . The dominant operations should be
matrix inversion or multiplication, since the run time of matrix
inversion and multiplication is
. As far as the extended
impedance method is iteration-free, the simulation time is the
same under the same dimension of , regardless of the circuit
parameters.
C. Trade-Off Between Accuracy and Efficiency
The trade-off between accuracy and efficiency is unavoidable in numerical analyses, regardless of time-domain or frequency-domain approaches. As shown in Fig. 5, in PSpice simulation, the fine case gives more accurate result on input and
output power estimation than the coarse case. Nevertheless, for
the little improvement, the simulation takes much more time
to run. Compared to the time-domain simulation, the extended
impedance method may be weak at representing the fast variations in waveforms; yet, it generates the accurate estimation on
power and efficiency with much less simulation time, i.e., more
efficient to achieve the same accuracy. This feature attributes to
the benefit of the frequency-domain approaches, which obtain
the fast outline of the waveforms. Since power is the product of
voltage and current, when one of them undergos relatively slow
change, fast alternating variation in the other will not affect the
average power much. For example, in Fig. 4, the multiplication
of
and
yields the power consumed by the switch. Since
changes relatively slow at the switching instant (due to the
discharge of
through
), the ripples in simulated
do
not obstruct the power estimation.
Although the impedance method is more efficient in estimating the steady-state power with the same accuracy, compared to the time-domain methods. The trade-off between accuracy and efficiency still exists. It is embodied by the determination of the critical value of . Comparing the simulation
results between the tuned (Fig. 7, which will be introduced later)
and untuned (Fig. 4) cases, it turns out that larger should be
adopted under the untuned case to yield accurate estimation on
power and conversion efficiency. The reason is because more
power spreads out to high order harmonics, accompanied with
the hard switching action.
In the Class-E PA circuit, generally, four conditions might
influence the power distribution among different harmonics:
a) switching conditions; b) dc choking, embodied by the
impedance
; c) harmonics filtering, embodied by the value
of ; d) duty cycle .
The influence of switching conditions is discussed above. The
functions of dc choke and resonant network are similar, in terms
of selectively filtering harmonics. To have a better idea on the

Fig. 7. Waveforms and conversion efficiencies of nine nominal Class-E PAs.
(a), (b)
. (c), (d)
. (e), (f)
.
TABLE II
PARAMETERS OF NINE NOMINAL CLASS-E PAS

Other parameters are the same as those in Table I.

selection of critical , we check nine nominal Class-E PA circuits under different quality factor and duty cycle . The parameters are provided in Table II. They are derived from those
given in Table I with the extended impedance based nominal optimization, which will be introduced in Section IV. Fig. 7 shows
the simulated waveforms as well as the relation between calculated conversion efficiency and dimension in the nine cases.
It can be observed from Fig. 7(a), (c), and (e) that, under the
same duty cycle , the change in makes the
waveform
slightly different. The influences of and towards the selection of
can be observed from Fig. 7(b), (d), and (f). Under
the same , the smaller , the larger
are required for accurate approximation. But it is not very significant. As for the
influence of , larger involves larger error in approximation
under the same ; therefore, larger requires larger for the
approximation.
Considering the results shown in Fig. 5 and
Fig. 7(b), (d), and (f), their effects towards the
selection of
, are sorted from high to low as:
switching conditions
duty cycle
quality factor
and
choking factor . Moreover, the effects of different conditions
might add up in specific cases. In these situations, should be
selected to be even larger than those under single condition.
Trial-and-error might be needed to determine suitable
.
However, compared to the time-domain simulation, this
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method is still has advantages, in particular, for the analysis
of power and efficiency for resonant power amplifiers. There
are mainly four reasons:
a) In general time-domain simulation of circuits whose performances are unknown, the estimations on the simulation
time step and stop time are necessary. They are related to
the simulation accuracy and whether the PA enters steady
state, respectively. Both of these two parameters need to
be determined by trial-and-error before obtaining the accurate steady-state results. However, for the simulation
proposed in this paper, only one parameter
needs to
be determined.
b) The time-domain simulation is efficient at waveform description, but requires more computational effort for accurate estimation on power and efficiency, e.g., the fine
PSpice simulation results in Fig. 5. On the other hand, the
simulation with extended impedance method is efficient
at power and efficiency estimation, but is relatively weak
at waveform description. The feature of the proposed approach is particularly useful for the efficient simulation on
steady-state power and efficiency.
c) Because this simulation is iteration-free, the computational time under specific
is well predicted. But in
the traditional iterative simulations, no matter in time or
frequency domains, the simulation time depends on the
initial values. Therefore the trial-and-error in the iterative simulations might accompany with more uncertainties than that in the iteration-free simulation.
d) Unlike the iterative approaches, the iteration-free approach does not have the convergence problem.
In addition, as we can see from Fig. 6, the extended
impedance method can solve the
problem in less than
0.8 s (of course depends on the computer and codes). Given
its feature on efficient simulation on power and efficiency, the
extended impedance method is still a good tool for steady-state
analysis.
D. Computational Issues
Some issues on computation should be noted.
1) Construction of Impedance Matrices: Matrix inversion
is a necessary operation in the computation, therefore, singular impedance matrix should be avoided. For instance, the
impedance matrices of
are constructed as
(25)
where “diag” stands for diagonal matrix. should be assigned
with a very small number, rather than zero, so as to make
invertible. In our simulation program,
. On the
other hand, the admittance matrix of
is

(26)
Similar tip is also applicable to the construction of impedance
and admittance matrices for capacitances.
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2) Reduction on Computational Cost: Symbolic manipulations before coding the simulation help to reduce some computational cost. For instance, the vector expression given in (19)
can be simplified as
(27)
Since all the matrices on the right hand side can be constructed
include three matrix
directly,3 the total operations to obtain
additions, one matrix inversion, one matrix multiplication, and
one matrix-vector multiplication. Besides, in (27), all matrices
as well as the vector of
are conjugate symmetric; some matrices are diagonal; the
has only one nonzero element.
Based on these features, the computational cost can be further
reduced.
3) Alternative Evaluation on ZDS: As shown in Fig. 4,
changes sharply at the switching-on instant when the ZVS
condition is violated. To evaluate the ZDS condition with
given in (22) might involve considerable numerical error. An
alternative way is to consider the total current that flowing
through the switch and shunt capacitance, i.e.,
(28)
when the switch is off, inThis current is proportional to
cluding the very instant when the switch is turned on. Due to the
effect of the two inductances
and , this current will not
change sharply at the switching-on instants. We have tried both
ways for the evaluation of ZDS, and found that using
instead of
gives better performance in nominal optimization.
IV. OPTIMIZATION
It has been shown in Section III that the extended impedance
method provides an efficient steady-state simulation for the
Class-E PAs. Consequently, it is possible to use this approach to
facilitate Class-E PA parametric studies as well as optimization.
Since the relation between the objective parameters and circuit
parameters is unknown, the optimization procedures usually
involve numerical iterations. In the following examples, the
searching processes were implemented with general MATLAB
build-in functions designed for numerical optimization, e.g.,
the function of “fminsearch” using derivative-free method is
used here for unconstrained multivariable optimization.
The optimization procedures are listed below:
i) establish the objective function for optimization;
ii) select some circuit parameters as free variables for tuning
(correspond to different optimization schemes);
iii) search for the optimum parameters;
iv) check the corresponding waveforms.
A. Optimization Objectives
Most researchers on the Class-E PAs referred to that the nominal waveform, i.e., ZVS / ZDS, as the optimum (in conversion
efficiency) waveform [1], [3], [5], [6], [8]–[10], [14], [16]–[18],
[24], [25]. The specification of ideal Class-E waveforms did
3The admittance matrix of the switch
inverting
.

can be directly obtained without
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COMPARISON

The circuit parameters other than

and

TABLE III
ON NOMINAL RESULTS

in both cases are the same as those in Table I.

intuitively explain the principle of achieving high efficiency;
however, it confined the design focus on the nominal operation,
which turned out to be insufficient to ensure the highest conversion efficiency with appreciable nonzero switch on-resistance
[4] and nonzero ESRs [7].
The nominal operation is one, but should not be the only
one, of the optimization objectives. Taking the original goal on
achieving high conversion efficiency into consideration, there
are three possible optimization objectives.
Nominal Optimization: The nominal operation is the conventional objective for Class-E PAs optimization. This optimization
task is embodied by the following expression:

(29)
is a function of all
The objective function
drive and circuit parameters, i.e., , ,
,
,
,
,
, ,
, and
; while
denote the selected
free variables. The number of free variables, as well as the
parameters to be chosen as free variables, depend on different
optimization schemes. The other parameters are kept constant
during the optimization process. When utilizing the extended
impedance method for nominal optimization, as explained in
Section III-D-3, substituting the
in (29) with
can improve the optimization accuracy.
1) Unconstrained Efficiency Optimization: The conversion
efficiency is the most direct objective for Class-E optimization. Taking
as the objective function, this optimization
problem can be expressed as

(30)
2) Output Power Constrained Efficiency Optimization: Besides the optimization merely considering to maximize the conversion efficiency, from the application point of view, the output
power is also of concern. The specification on output power can
be taken into consideration by introducing an equality constraint
into the optimization, i.e.,

(31)

where

for optimization;

for simulation.

denotes the specified output power.

B. Optimization Schemes
After establishing the objective, different optimization
schemes might be developed by selecting different circuit parameters as free variables for tuning. The circuit parameters can
be sorted in two groups: passive and in situ tunable parameters.
The passive parameters include
,
,
,
, ,
and
. Their values are fixed once the PA circuit is fabricated.
The in situ tunable parameters includes , ,
. They can
be adjusted when the PA is at work.
1) Offline Optimization: We call the optimization scheme,
which tunes one or more passive parameters towards the objective, as offline optimization. As shown in [4], [14], the values
of
and
have an effect on the
waveform, and consequently influence the conversion efficiency . Selecting
and
as the free variables, optimization under either objective can
be carried out.
The nine optimized
and
pairs listed in Table II under
different and are obtained with offline nominal optimization. Fig. 7 shows that all the waveforms in the nine cases meet
the ZVS / ZDS requirements. In these nominal optimizations,
the dimension
was set to 25. The conditions in the number
five case in Table II are the same as those given in Table I, i.e.,
,
, but
and
in Table II are further optimized with the extended impedance method. Table III lists the
two set of nominal
and
pairs as well as the corresponding
,
, and for comparison. Compared to the
and
that were obtained with Sokal’s formula, the new parameters
enable smaller
and
, i.e., the Class-E PA is closer
to the ZVS / ZDS conditions.
Unconstrained and constrained efficiency optimizations are
also investigated with the PA whose parameters were given in
Table I. The termination tolerance of is set to 0.01%, the dimension
is set to 25.4 The values of
and
as well as
the power and efficiency of the PA in seven cases are given
in Table IV.
represents the original case, i.e., the nominal
Class-E PA obtained with Sokal’s method;
is the result after
unconstrained optimization;
,
,
,
, and
are the
optimization results under the constraints that
, 20,
30, 40, and 50 watt, respectively. To verify the calculated efficiency of these optimized points, PSpice simulations are also
performed with the seven
and
pairs, respectively. The
calculated results with extended impedance method show good
agreement with the PSpice simulations.
To have a deeper investigation to the data, Fig. 8 draws the
contours of both the efficiency and the output power
in the vicinity of the original
and
, and also marks the
corresponding points of
, etc., in the nondimensional
4

for optimization; while

for plotting the waveforms.
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TABLE IV
RESULTS OF OFFLINE EFFICIENCY OPTIMIZATION

represents the results obtained with Sokal’s method [4], [38]. The
circuit parameters other than
and
were given in Table I.

Fig. 9.
tions (

Fig. 8. Contours and optimization points in the vicinity of the original values
of
and
.

plane. Besides these contours and points, Fig. 8 also
shows the area which corresponds to small switch-on voltage
and small switch-on current. Obviously, the original
and
pair locates around their cross area. This implies the nominal
conditions are met at this point. However, as we can see from
the efficiency contours, the efficiency of this point is not the
highest. Another feature we can observe from Fig. 8 is that,
the optimized points, no matter unconstrained or constrained
with different specified output powers, are all located around the
area of small switch-on voltage. Generally speaking, in this low
switch-on voltage region, the smaller the output power
, the
higher the conversion efficiency .
Fig. 9 illustrates the characteristic voltage and current waveforms of the seven cases in Table IV. The magnitudes of
in
the seven cases are almost the same, the
waveforms are only
slightly different in shape; whereas the magnitudes of differ
a lot. The lower the power delivered or converted, the smaller
the magnitude of .
2) Online Optimization: Online optimization approaches
the objective by tuning some in situ tunable parameters. It
can be utilized in some power delivering applications, e.g.,
electric process heating and wireless power link, to deliver

and
and

waveforms under different efficiency optimization condias free variables).

constant output power, regardless of the load variation; at the
meanwhile, maintaining high conversion efficiency. Previous
literatures investigated the idea of retuning the PA by adapting
some of its in situ adjustable parameters, once the nominal
conditions are violated. Most of these literatures took either the
switch driving frequency [33], [37] or duty cycle [3], [34]–[36]
as the free variable for tuning. However, it is doubtful that the
nominal conditions can be reestablished by tuning only one
single variable. As shown in the experimental waveforms in [3],
ZVS was never reestablished once the load was apart from the
designed value. In addition, the output power was not taken into
consideration in these literatures. The waveform based analysis
can hardly predict the highest efficiency point at a given output
power under different load conditions. Taking its advantage of
fast steady-state simulation, the extended impedance method is
employed here to investigate on this online tuning problem.
The first investigation is based on the nominal objective.
Given the Class-E PA, whose parameters were provided in
Table I, , , and
are adjusted simultaneously under
different load resistance
to achieve nominal operation and
deliver 40 W output power to the load. Fig. 10 gives the optimization results. It is observed that there are two branches when
, i.e., two sets of
can make the task. Yet,
when
, the minimum objective function (dot curve
in Fig. 10(d)) is above zero; therefore, no nominal operation
exists for any set of , , and
. The
waveforms in
five optimized cases, in which
, 4, and 6 , are shown
in Fig. 11.
The second investigation is power constrained efficiency optimization. In this case, the PA is not constrained to work under
nominal conditions.
is kept unchanged, while and are
adjusted towards the highest conversion efficiency, at the same
time of delivering 40 W output power to the variant load. Fig. 12
gives the optimization results. As observed from Fig. 12(c), this
tuning guarantees that 40 W power is delivered to the variant
load. The achieved conversion efficiency is all above 80% with
the load ranged from 1 to 10 . The
waveforms in five optimized cases, where
and
, are shown in
Fig. 13. Generally speaking, larger load resistance requires
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steady-state analysis, which can be further utilized in Class-E
PA optimization. The effect of other nonlinear elements, e.g.,
the nonlinear shunt capacitance and the anti-parallel diode, will
be considered in our future work.
To implement practical in situ tunable Class-E PAs, in fact,
it is not necessary to carry out real-time calculation. Instead,
the optimum data sets obtained under different load conditions,
as those in Fig. 10 and Fig. 12, can be stored in a controller.
Once load variation is found, corresponding in situ tuning can
be carried out immediately according to the prestored data sets.
Fig. 10. Results of online nominal optimization under different load resistance.
(a) Drive frequency. (b) DC supply voltage. (c) Duty cycle. (d) Conversion efficiency and nominal objective function.

Fig. 11. Waveforms of online nominal optimization under different load resistances.

Fig. 12. Results of online power constrained efficiency optimization under different load resistance. (a) Drive frequency. (b) Duty cycle. (c) Conversion efficiency and output power.

Fig. 13. Waveforms of online power constrained efficiency optimization under
different load resistances.

larger duty cycle to deliver the same output power at high efficiency.
If the Class-E PA is driven by a MOSFET, taking the anti-parallel diode into consideration, some waveforms in Fig. 13, i.e.,
those corresponding to 2 and 4 loading, may not appear
in real circuit. But the main purpose here is to show the idea
that time-dependent components can be modeled with the concept of extended impedance, so as to achieve an iteration-free

V. DISCUSSION
A. Frequency-Domain Techniques
Several frequency-domain approaches were introduced previously in the analysis of power circuits. The state-space averaging technique allows the transformation of time-varying state
equations into their time invariant approximation (expressed in
Fourier coefficients), so as to speed up the time-domain simulation [22], [27], [28]. On the other hand, without relying on
simulators, the harmonic balance (HB) technique is a more general frequency-domain approach for steady-state analysis [29],
[39]–[41]. In HB, the nonlinear state equations are solved by
other rapid convergence numerical algorithms [29]; moreover,
the analysis is not confined on time-varying problems. The use
of HB in the analysis of Class-E PA has been discussed in [25],
[42]. Two equations were derived to describe the harmonics
at on and off states, respectively. The boundary conditions between the two states were refreshed at the end of each round of
calculation, so as to approach the steady-state result. In another
word, the iterative calculation is also the process to balance the
harmonics between the two states.
In these previous approaches, the derivation of state-equations, which describe the overall circuit behavior in time-domain, is prior to their transformation to frequency-domain
expressions. Therefore, these approaches are started from
the circuit point of view. On the other hand, the extended
impedance method obtains the frequency-domain expression
of each component first. Therefore, it is started from the component point of view. Given the frequency-domain expression
of each component, the circuit’s steady-state behavior can be
analyzed with the conventional transfer function approach.
Because the transformation is carried out at more fundamental
level, the extended impedance method provides a more flexible
way to carry out steady-state analysis for time-varying circuits.
Besides Class-E PAs, the extended impedance method can
also be applied to analyze the steady-state behavior of other
power circuits. For instance, for the flyback converter, whose
circuit topology and parameters were given in [30], [31], its
switch voltage can be obtained in frequency-domain by5

(32)
5Similar to [30], [31], the diode in the circuit is taken as a complementary
switch to the MOSFET switch, i.e., when the MOSFET switch is on, the diode
is blocked; and when the MOSFET switch is off, the diode is conducted. But
the diode forward voltage drop is neglected in the simulation in this paper.
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TABLE V
COMPARISON ON DIFFERENT ALGORITHMS

Fig. 14. Simulated switch voltage in the flyback converter.

where the impedances are corresponding to the component denotations in [30], [31]. Its simulated waveform in Fig. 14 shows
a good agreement with that in [30]. Comparing the two results,
the wavelet based method provides a better description on the
fast variations near the switching instants; yet, the impedance
based method achieve a real iteration-free simulation, rather
than waveform approximation as those discussed in [30], [31].
Matrix manipulations were also used in other frequency-domain studies [26], [28]. Since the computational cost increases
dramatically with the matrix dimension, the relation between
the involved harmonics and the corresponding matrix dimension is of concern. The computational costs of different
approaches can be compared in terms of matrix dimension
under the same harmonics number, as well as whether iteration
is required for the steady-state simulation. In the state-space
averaging approach for general resonant converter circuits,
to solve a
harmonics problem, the matrix dimension is
, where is the number of the state variables [28].
For the Class-E PAs,
[18] or [14]. So starting from
the state-space point of view, matrices, whose dimension is at
least
, are required for solving the Class-E problem
with the state-space averaging approach. On the other hand,
with the extended impedance method, only
matrices
are required to solve a
harmonics problem, and no iteration
is required. In addition, besides the
harmonics, it can be
observed from the matrix
in (12) that, some information
on the
to
harmonics is also included in the solution.
Table V shows the relations between the number of harmonics
and the matrix dimension in four different approaches. From
the comparison, with the same number of harmonics involved,
the matrix dimension in the proposed iteration-free simulation
is the smallest. In addition, the steady-state result is obtained
with only one, rather than iterative, calculation. In these sense,
the extended impedance method outperforms the other frequency-domain methods on computational efficiency.
B. Pros and Cons on Class-E PA Design
In terms of Class-E PA design, the advantages of the proposed
approach are summarized as follows.
• The circuit description is concise and compatible with conventional impedance based ac circuit analysis.
• No iteration is required to obtain the steady-state result.
The simulation run time only depends on the critical harmonic level .
• The switching-on voltage, its derivative, output power,
and conversion efficiency, etc., can be directly calculated
without deriving the waveforms. The calculation on these

For approaches two to four, forth-order state-space models are assumed,
i.e., four state variables are selected for the modeling of the Class-E PA
circuit.

performance indices does not require a large number of
harmonics.
• Most of the nonideal conditions in Class-E PAs, except two
voltage-dependent components, can be taken into consideration.
• The fast simulation enables the optimization of a Class-E
PA by tuning some of its parameters, under either one of
the three optimization objectives.
Some drawbacks or limitations are also found with the proposed approach.
• Frequency-domain approaches are relatively less capable
at describing waveforms with steep variations. The larger
and steeper the changes, the more harmonics should be
involved in the waveform description.
• Two nonlinear elements in MOSFETs, i.e., the anti-parallel
diode and nonlinear shunt capacitance, were not included
in this model.
The first limitation is a general limitation for frequency-domain techniques. But given the third advantage, the frequencydomain techniques are good complements to time-domain techniques, in particular for steady-state optimization. The second
limitation is solvable, it will be taken into consideration in our
future work.
VI. CONCLUSION
An efficient iteration-free steady-state analysis has been
introduced to the study of Class-E power amplifiers (PAs)
by extending the scope of electrical impedance. Different
from previous frequency-domain approaches, this extended
impedance method started the analysis from component point
of view. The time-dependent component in the circuit was
modeled as a special impedance, expressed in matrix form.
Owing to this extension, the whole Class-E PA circuit (linear
but time-variant system) can be studied with the conversional
transfer function approach. The circuit waveforms as well as
performance indices, e.g., switching-on voltage, conversion
efficiency, were efficiently obtained. The dependencies between the number of required harmonics and the modeling
accuracy under different conditions were investigated. With its
fast simulation feature, the impedance method was further utilized in Class-E PA optimization. Three possible optimization
objectives, including the conversional nominal objective, were
clarified. Two optimization schemes were implemented. One
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is conversional offline optimization by tuning some passive
circuit parameters. The other is online optimization by tuning
some in situ adjustable parameters. The impedance based
approach fulfilled all the optimization tasks with different
schemes under different objectives.
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